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I. INTRODUCTION 
In.1949 Jensen (I) and Mayer (2) independently discovered that the ad­
dition of a large spin-orbit term to a shell model potential could explain 
all of the observed nuclear shell closures. Since that time the model has 
met with such spectacular success in describing a multitude of nuclear phe­
nomena, that i t is today considered as the fundamental basis for nearly all 
nuclear calculations. The assumptions of the model are too extreme to 
yield a final quantitative analysis of nuclear properties, so for the past 
twenty years, many theorists have concentrated their attention towards per­
forming Hartree-Fock calculations using the shell model wavefunctions as a 
zeroth-order basis. Unfortunately, such realistic calculations have been 
prohibitive unless one (a) works with nuclei near closed shells, (b) makes 
drastic assumptions concerning the truncation of the basis states, or (c) 
l imits his computations to the ground state energy level. In addition, 
many physicists have found these calculations quite unpleasant, since much 
of the physics is lost or hidden in the numerical work. 
The inherent difficulties of these microscopic calculations were well 
realized in the early 1950's; consequently many physicists searched for mod­
ifications of the shell model which would explicate the levels in a simpler 
way. Most of the nuclei away from closed shells were known to exhibit def­
inite collective properties, so several attempts were made to unify these 
collective and single-particle features. Some of these "unified" models 
were found to be very successful for large mass regions. For example, var­
ious unified models which assume the nucleus to have static or dynamic de­
formations are now thought to describe the basic dynamics of nearly all 
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heavy nuclei in the mass region 150<A<180 and A<220 (3). The deformations 
are usually considered to be prolate and have axial symmetry. However, one 
model assumes further deformation by compressing the nucleus along one of 
the axes in the equatorial plane. 
Unfortunately, no conclusive model has yet been found for l ight nuclei 
(4<A<40). This is very discouraging, since such a model would dictate how 
one could best proceed with realistic calculations. Extended shell model 
calculations can predict many properties of these nuclei; but other observ­
ables are not well described and show definite collective features (4). In 
particular, the experimental ground state quadrupole moments are usually 
several times larger than the shell model predictions, and many electric 
quadrupole and octopole transitions are one to two orders of magnitude 
larger than the single-particle estimates. The various forms of unified 
models mentioned earlier are natural candidates for explaining these col­
lective features. However, in practice they are found to describe only a 
few of the excited states for most nuclei in this region (4). This is not 
too surprising because one would not expect the limited number of nucléons 
present in light nuclei to be able to consistently produce the simple defor­
mations observed in heavier mass regions. For l ight nuclei, more compli­
cated shapes may be needed. 
One other collective model exists for l ight nuclei which may be able to 
solve this difficulty. Commonly referred to as the alpha model, i t assumes 
that the nucléons cluster into temporary or permanent alpha particles. For 
reasons which will become evident in Section B, the alpha model has so far 
not been fullv developed. Therefore, in the present wnrW we will consider 
two forms of the alpha model and test their validity on the observed 
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properties of many l ight nuclei. In particular, we will assume the alpha 
clusters to be of such long duration that they can form permanent '!molecu-
lar" alpha structures of a definite point group symmetry. The imposed sym­
metry will then be shown to have a direct influence on the observed proper­
ties of low-lying energy levels. 
The rest of Chapter I  deals with general information concerning the 
alpha model. In Section A we l ist some of the experimental evidence now 
available which supports alpha clustering in light nuclei, and a historical 
review of the alpha model is given in Section B. At that time, i t will be 
noted that the alpha model actually includes several different types of 
calculations. In particular, we shall distinguish between "«(-particle" and 
"drcluster" models. The former will denote only those models which assume 
that the alpha particles are permanent entities of a nucleus; the latter is 
reserved for more realistic models which consider methods of enhancing four-
body correlations among the individual nucléons. These different forms will 
be mentioned briefly in chronological order, but will not be described in 
detail until later chapters. 
In Chapter II, we shall be concerned only with the development of the 
classical oc-particle (CAP) model and its application to numerous l ight A=4N 
nuclei (where A is the number of nucléons and N is an integer). The CAP 
model is the simplest of all possible alpha-particle models and assumes that 
l ight A=4N nuclei are composed entirely of permanent alpha particles ar­
ranged in a definite molecular structure. Such an assumption Is naturally 
too extreme to be very realistic; but the model is completely phenomenolog-
ical anyway, so i t may sti l l be a valid approximation. The Hamiltonian and 
wavefunction for the CAP model are derived in Section A. As has already 
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been implied, the most important feature of the CAP model is that the spa­
tial symmetry of the assumed ^-structure dictates the spins and parities of 
the low-lying levels; this aspect is described in Sections B, C, and D. 
The theory for calculating the electron scattering cross sections and re­
duced transition matrix elements is then developed in Sections E and F. 
Then, in Section G, we review the past work of the CAP model for A=4N nu­
clei in the 1p shell, and show that the model works quite well but is inca­
pable of predicting some of the observed low-lying transitions. By noting 
these discrepancies we are then able to give some further qualitative argu­
ments concerning the validity of the CAP model for other A=4N nuclei. 
The conclusions drawn in Section G will be quite favorable for the CAP model. 
Therefore in Section H, we consider various ^-structures for all A=4N nu­
clei in the 2s-1d shell, and assume the physical structure to be the one 
that yields theoretical predictions in best agreement with experiment. 
Some general conclusions concerning the charge and mass distributions are 
then given in Section I for many of the nuclei considered. Finally, in 
Section J we compare the results of the CAP model with other models that 
have been considered for these nuclei. 
In Chapter III, we digress from the alpha particle model and review the 
basic theory of other well-known collective and unified models. There has 
been some confusion in the l iterature as to the distinction between collec­
tive and unified models, and some authors use the terms interchangeably. In 
the present work, we reserve the name "collective" for models of even-even 
nuclei where all the nucléons are presumed assimilated in the deformed core. 
We shall not refer to a model as being unified until i t has been extended to 
include extra-core nucléons. The purpose of this chapter is to briefly 
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review the theory of the other collective models (for even-even nuclei), so 
that some parallelisms between these models and the CAP model can be made, 
in particular, i t will be shown in Section D that the theories for the sym­
metric and asymmetric collective rotors are analogous to two special cases 
of the CAP model. Then in Section E, the theory will be reviewed for ex­
tending the collective symmetric rotor to odd-A nuclei. With this accom­
plished it is finally inferred that the theory for the unified symmetric 
and asymmetric rotors might be generalized into an oC-particie model appro­
priate for l ight odd-A nuclei. 
in Chapter IV, we develop this supposai into a theory and formulate 
the unified X-particle (UAP) model for l ight A=4N+1 nuclei. The neces­
sary theory is developed in the first three sections. Then in Section D, 
we will compare the theoretical predictions to the experimental data avail­
able for the A=9 and 13 mass systems. Finally, in Section E, we again col­
late the results of the UAP model with those of other models which have been 
considered for nuclei in this region. 
Finally, in Chapter V, we review the principle contributions of the 
present work as well as present some future problems that need to be solved 
within the framework of the alpha model. 
A. Evidence for Alpha Clustering In Nuclei 
There are several valid reasons for assuming that alpha correlations 
may be enhanced In many nuclei. Four of the more common ones are the fol­
lowing : 
208 1. Many nuclei heavier than Pb decay by alpha emission indicating 
that alpha clusters are present at least part of the time in heavy nuclei. 
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This information was well-known in the early 1900's and led directly to the 
formulation of the alpha model in 1930 (5)• 
2. If one constructs a curve of the neutron binding energy versus mass 
number A for nuclei having a minimum neutron excess (N-Z), one obtains the 
saw-toothed curve shown in Figure 1.1. This curve was f irst noted by Baz 
(6) in 1955, and shows that alpha clustering may be prevalent in all nuclei 
AO 
up through Ca. 
3. ALL A=4N nuclei with mass less than or equal to ^^Ca have alpha 
thresholds at lower energy than their nucléon thresholds as shown in Figure 
1.2. Since the nu_çleons are more tightly bound than the alpha particles, 
this fact could imply that the nucléons are bound inside internal alpha 
clusters. 
k. Alpha correlations arise naturally from the single-particle shell-
model states due to the Pauli-exclusion principle. Wheeler (7) f irst re­
cognized this fact in 1937 and explained the correlation tendencies by using 
^^0 as an example. Using Wheeler's example, as well as his notation, we 
write the many-particle zeroth-order Hartree-Fock ground state for ^^0 as 
J  16 )  -
( s o - 1 0  " ( .  1 0  
( s ^ U )  
( s  Q-  I  'O  /6) 
( 1  . 1 )  
where a, b, c, d represent the four spin and isotopic spin states of a nu­
cléon, and s, p^, p^, p^ represent the lowest-lying single particle orbital 
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Figure 1.1. Plot of neutron binding energy versus mass of nuclei with a 
minimum neutron excess (N-Z). 
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Figure 1.2. The lower, middle, and top curves describe the binding ener­
gy of the alpha particle, proton, and neutron respectively 
in 1ight A-4N nuclei. 
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states of the nucleus. We now add and subtract rows and columns without 
changing the value of the determinant to obtain 
(X  a.  I  O  ( IZ  I  ' )  
(^XAI/C.) ... (ZET 
( 1 . 2 )  
where the new orbital states are defined by the following orthogonal trans­
formations 
C r I  )  =  i  )  +  CPkI  )  +  C ^ z /  ) J  
( H i  ^  )  +  f f k /  J  - (  P y l  )  -  ( .  P z l  )  J  
(1.3) 
(o r I  )  =  i iCs l  ;  -  (P , /  )  - fCPy l  )  -CPz l  ) ]  
( j z l  )  =•  •g -Lc -s /  )  - ( . f x  I  _)  - ( f / '  )  +  CPz .1  ) J  
The two wavefunctions in Equations 1.1 and 1.2 are identical, but the latter 
is rewritten in order to demonstrate that there exists a large probability 
of finding the building material for an alpha particle near each vertex of a 
tetrahedron. Presumably, the short-range nuclear forces should grasp this 
opportunity to form alpha clusters, and such cluster correlations should be 
realized from Hartree-Fock calculations. In recent years, density plots of 
HF ground states have been made for several l ight nuclei and they do seem to 
indicate some degree of alpha correlations (8). 
The preceding l ist of four statements is by no means complete; its pur­
pose is simply to present a few of the reasons why many people now believe 
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there is some validity to the alpha model. Much of the other evidence, 
such as spins and parities of low-lying levels, are dependent on the as­
sumed shape of the nucleus and will be considered in later chapters. 
B, Historical Review of the Alpha Model 
The alpha model was f irst proposed by Gamow (5) in 1930 as a natural 
extension to his successful investigation of alpha decay two years earlier. 
In what is now a classic paper, he proceeded to estimate the mass defects 
of nuclei by assuming they were composed almost entirely of alpha parti­
cles. The neutron was not discovered until 1932, so for most nuclei he 
needed to add a small number of protons and "nuclear electrons" to produce 
the desired charge and mass. 
Naturally, the discovery of the neutron made this paper obsolete, and 
the alpha model was discarded in favor of the shell model which was ad­
vanced by a number of physicists beginning in 1934 (9). However, many phy­
sicists intuitively felt that the nuclear levels were more l ike those of a 
molecule or a l iquid drop rather than l ike the electronic states of an 
atom. They were especially critical of the central f ield approximation 
needed for the shell model; i t was valid in the atomic case, but probably 
did not have too much meaning for l ight nuclei (10). In 1936, this feeling 
was augmented by Bohr who showed that the binding energies for most nuclei 
could be reproduced quite well with a l iquid drop model (11). Consequently, 
the alpha model was revived in at least three different forms. 
The simplest of these was formulated in 1937 and is now commonly re­
ferred to as the classical %-particle (CAP) model. It assumed that all 
îtyîiL A-4N nuclei were composed entirely of alpha clusters arranged in a 
semi-rigid molecular structure. Wefelmeier (12) is usually given credit fo 
suggesting this model. However, Wheeler (7) independently developed the 
CAP model for the 1p shell nuclei as groundwork for his more complicated 
"resonating group structure" technique. Since over half of the original 
work in this thesis is devoted to the CAP model, we will not elaborate fur­
ther on the model until Chapter 11. The other two forms developed during 
this period were both «--cluster models and dealt with microscopic calcula­
tions of l ight A=4N nuclei. The f irst of these, which has already been men 
tioned, was the "resonating group structure" method introduced by Wheeler 
(7) in 1937; the other was formulated by Margenau (13) four years later and 
is now usually referred to as the "generator coordinate" method. Both of 
these models have been extended and reconsidered in more recent times, and 
the results of these calculations will be compared with those of the CAP 
model in Chapter II. 
Unfortunately, in 1941 the alpha model suffered a serious setback that 
hampered further development of the model for over ten years. At that time 
Wheeler (l4) endeavored to extract a phenomological potential by ana­
lyzing the available data on alpha particle scattering from He^ nuclei. 
After careful analysis, he was forced to conclude that no simple potential 
could account for the observed cross sections. This meant that the low-
8 lying levels of the Be resonant state could not be interpreted as the 
eigenstates of two quasi-bound alpha clusters, and gave good support to the 
shell-model. Several textbooks have used this argument as direct evidence 
against the alpha model (15,16). Wheeler's conclusion was actually wrong 
and was caused by inaccurate data from experiments performed in early 1930. 
Wheeler politely questioned this possibility in the end of his paper, but 
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said nothing more. This mistake was not corrected until 1952 when the scat­
tering experiments were repeated with far better resolution. 
Comparatively l i tt le work was done on the alpha model in the 1950's 
even after the mistake was corrected. By this time, the independent parti­
cle shell model with spin-orbit coupling was so popular that any calcula­
tion which did not relate directly to the individual particle states was 
regarded by many nuclear physicists to be naive and unrealistic. The few 
papers that were written on the alpha model during this period were mostly 
elaborations of the three forms noted earlier. 
Then in the early I960's, fast computers became a reality and the two 
d-cluster models that were formulated twenty years earlier were explored in 
detail. Attempts were also made to solve the three body problem of by 
assuming the subentities of this nucleus to be three permanent alpha parti­
cles. Such a calculation, which has been coined the realistic oc-particle 
(RAP) model, yields some interesting results about the effective X-c( poten­
tial as will be shown in Section IIG. 
The amount of l iterature on the alpha model written per year has in­
creased considerably during the last five years. This apparent rise in 
popularity of the alpha model indicates a movement on the part of many nu­
clear physicists to be more lenient towards a model that was rejected by 
nearly everyone twenty years earlier. Like other unified models, the alpha 
model is now viewed by many to be an important modification to the shell 
model, which may possibly supplement some areas where the shell model is 
deficient. In addition, the alpha model is not nearly as developed as i t 
should be, and some relatively easy calculations are sti l l possible. The 
current revival of interest in various forms of alpha models should 
12 
therefore persist for five to ten years. By then it will be known whether 
this model offers any substantial improvement over other models for l ight 
nuclei, 
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II. CLASSICAL %-PARTICLE MODEL 
A. Hamiltonian and Basis Functions 
As has already been indicated, much of the theory needed for the CAP 
model is identical to that used in molecular mechanics. A semirigid struc­
ture of N particles has 3N degrees of freedom. Six of these are needed to 
characterize the overall rotations and translations of the configuration, 
and the remaining 3N-6 coordinates describe various internal vibrations. A 
rigorous derivation for the Hamiltonian of such a structure is straight­
forward but long. Standard texts are available on the subject, so only a 
brief sketch of the procedure will be presented in this work (17,18). It is 
assumed that the individual particles oscillate quite rapidly compared to 
their overall collective rotation. One can then separate the classical Ham­
iltonian into a sum of three parts as 
H - Hp^ -t ,  (2.1) 
In this equation, H|^ describes the overall rotations of an effective "rigid" 
rotor that is formed by keeping the particles fixed in their equilibrium po­
sitions. The second term, Hy, describes the internal vibrations of the 
structure, and is a function of 3N-6 internal coordinates (q) and their time 
derivatives (q) which describe the displacements and velocities of the par­
ticles from their equilibrium positions. Usually, one develops this part of 
the Hamiltonian within the theory of small (harmonic) oscillations, and if 
this is done, one finds that i t is possible to choose these internal coordi­
nates in such a way that Hy decouples into a sum of 3N-6 harmonic oscillator 
terms. These coordinates, which are unique for any structure, are called 
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normal coordinates (denoted Q). In general they depend explicitly on the 
ratios of the force constants between the particles. However, their sym­
metry properties can be readily obtained from group theory as will be shown 
in Section C. The last term in Equation 2.1 is the coupling Hamiltonian 
and contains such terms as the usual Coriolis interaction as well as minor 
corrections that arise from the harmonic approximation. 
One can now quantize the Hamiltonian of Equation 2.1 in the following 
form 
+  W y C q . q )  +  ( 2 . 2 )  
where ^ 
i  (2-3) 
I T S , / S " ! '  .  ( 2 . 4 )  
In Equation 2.3, 1|^ is the moment of inertia of the structure with respect 
to the body-fixed axis, and the L|^'s are the body-fixed angular momen­
tum operators of a rigid rotor. A suitable set of basis functions for di­
agonal izing the total Hamiltonian in Equation 2.2 can be obtained by setting 
Hq=0. The Hamiltonian is then the sum of rotational and vibrational parts, 
so the eigenfunctlons can be written as 
iPr = a; . (2.5) 
The structure is allowed to rotate freely in the laboratory system, so L 
and M must be good quantum numbers of all eigenfunctlons. The angles 
and y are the three Euler angles which specify the instantaneous oripntation 
of the body-fixed axes with the space-fixed coordinate system as shown in 
15 
Figure 2.1. The quantityj^^^^*,d\y)|2 then represents the probability of 
finding the rigid rotor at a particular orientation. In Equation 2.5, 
the n.t^ Hermite function of the i^^ normal coordinate. 
The Coriolis force for molecules is usually quite small because the 
frequencies of the normal vibrations are much larger than those of collec­
tive rotations, In addition, the particles are situated in deep 
potential wells, so that anharmonic terms in the potential are of minor im­
portance. The energy spectrum of a molecule thus exhibits finely spaced 
rotational levels on each vibrational eigenstate of the system. will 
mix these states somewhat; however, its main contribution comes only from 
diagonal terms in the matrix Hamiltonian, which systematically reduce the 
rotational parameters, A|^, as the vibrational states increase in energy. 
This effect is due primarily to repulsive terms in the potential which push 
the mean positions of the particles outward for excited vibrations. 
The Hamiltonian of Equation 2.2 is at best only a rough approximation 
for the nuclear case. If the CAP model has any validity at all, it is sim­
ply because the alpha clusters are correlated long enough to impress some 
overall molecular structure on the nuclear shell model states. For this 
reason, no attempt will be made to evaluate Hq in any quantitative manner 
for the nuclear structures. However, strong repulsive terms in the poten­
tial would be expected to push the mean positions of the particle outward 
for excited vibrations. We shall therefore qualitatively account for the 
diagonal contributions of Hq by allowing the rotational parameters to take 
on smaller values for excited vibrational states. It should be emphasized 
that it is possible to obtain good agreement with experiment by using one 
set of average rotational parameters for all vibrations as has been done in 
16 
X 
Figure 2.1. The Euler angles are shown which describe the orienta 
tion of the body axes (X',Y',Z') relative to the space-fixed 
coordinate system (X,Y,Z). They are defined by the following 
three passive rotations: 
1. a rotation through an angle ^ about the Z axis, 
2. a rotation through an angle B about the Y| axis, and 
3. a rotation through an ôngle about the Z' axis. 
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previous papers (19-24). However, by allowing some variation in these pa­
rameters, one can obtain better agreement with experiment and also study the 
variation of the effective rotational parameters with changing normal vi­
brations . 
In order to describe the motions of the rigid rotor, i t becomes conven­
ient to define a quantity called the "momental ell ipsoid" which Is found by 
plotting the Inverse square root of the moment of inertiay^along every 
possible axis of the rotor. The exact shape of the momental ell ipsoid de­
pends explicitly on how many of the principal moments of Inertia are equal, 
and separate names are given for each of the three cases (17). When two of 
the principal moments of Inertia are equal, the rotor Is called a symmetric 
top, and the momental ell ipsoid has axial symmetry. If all three moments 
are equal, the momental ell ipsoid is a sphere, and the rotor is called a 
spherical top. If all three moments of Inertia are different, the rotor Is 
called an asymmetric top, and the momental ell ipsoid has 02^ symmetry. 
Most of the alpha structures considered In this section will be sym­
metric rotors with this case, the Hamiltonian In Equation 2.3 
simplif les to 
= A,  (  L* 
= /U L* + 
The eigenfunctions for this Hamiltonian are well known in molecular and nu­
clear physics. Following Rose's notation (25), we define these symmetric 
top wavefunctions as 
• (2.7) 
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An analytic form for this wavefunction is given in Equations A4 and A5. 
The quantum number L denotes the total angular momentum of the state, while 
M and K are the projections of L on the space-fixed z axis, and the body-
fixed z axis respectively. The energy levels of the symmetric top are thus 
simply expressed as 
4 ,  L C L  +  / )  ( A 3 - 4 , )  .  ( 2 . 8 )  
Besides the usual (2L+l)-fold degeneracy in the M quantum number, all lev­
els with MO are doubly degenerate because the energy depends only on the 
magnitude of K. (See Figure 2.2b). 
For a spherical rotor, all three rotational parameters are equal, and 
the rotational Hamiltonian of Equation 2.3 becomes 
= /}, • (2.9) 
The wavefunctions of Equation 2.7 are sti l l eigenfunctlons of the Hamil-
tonian. However, the energy levels for this Hamiltonian are degenerate in 
both the K and M quantum numbers as shown in Figure 2.2a. 
Unlike the other two rotors, the wavefunctions for the asymmetric 
rotor can not be written in simple form. This can most easily be seen by 
rewriting Equation 2.3 as 
or 
^  .  (2 .11 )  
In the last equation, the quantities L_ and L+ are raising and lowering op­
erators respectively and are defined as l-±= T/J(^iiLy) as shown In 
19 
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re 2.2: Energy levels and spins for the three different rotors. Each 
level Is at least 2(2L+1)-fold degenerate due to the parity 
and M quantum numbers. In the spherical rotor, (a), each level 
is also (2L+1)-fo1d in the K quantum numbers. For the symmet­
ric rotor, (b), the levels are 2-fold if K/0. No additional 
degeneracy occurs for the asymmetric rotor (c). 
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Appendix D. The f irst two terms of Equation 2.11 are diagonal in the sym­
metric top wavefunction, but the last term connects states with K differing 
by ±2. The asymmetric top wavefunctions are then 
l i . (2.12) 
The sum on K is over either even or odd values of K, and N is an ordinal 
number that distinguishes the rotational levels having the same L value. 
The expansion coefficients, a^^, must in general be found by diagonalizing 
the Hamiltonian of Equation 2.11 among the synretric top wavefunctions. 
However, these coefficients are a function of only one parameter which can 
be defined as 
This dependence can most easily be seen by rewriting Equation 2.10 as 
L^ a . - ]  •  
(2.14) 
Any wavefunction that diagonalizes the square braced term in Equation 2.14 
also diagonalizes H. The wavefunction of this braced term depends only upon 
the ratio (A^-A2)/(2A2-A^-A2), while the factor (2A2-ApA2)/6 serves as a 
scale factor for the energy spectrum and 1/3(A^+A2+A2)is merely an addi­
tive constant for fixed L. This fact will be used later in the calculation 
of the electron scattering form factors and reduced matrix elements of 
It is important to note that the three rotor Kami 1 tonians (Equations 
2.6, 2.9, and 2.10) have the same symmetry as their corresponding momental 
ellipsoids. For example, the symmetric rotor Hamiltonian (Equation 2.6) is 
invariant under the transformation 
•cosô.A^) as well as all other operations of Therefore, the wave-
function for the spherical, symmetric, and asymmetric tops generate irre­
ducible representations (IR's) of 0(3) (full rotation group), ,  and 
respectively. These symmetries can also be seen in Figure 13 by careful 
examination of the level degeneracies. 
For later use, we state without proof that the symmetry group of the 
momenta1 ell ipsoid for a rigid structure is always a cover group for the 
structure's spatial point group. This fact will be extremely useful in 
Section D when i t becomes necessary to classify the rotational wavefunctions 
into IR's of the spatial point group of the structure. Since nearly all of 
our structures are symmetric tops, the wavefunctions need only be reduced 
from and nof: from the full rotation group 0(3). 
B. Bose-Einstein Statistics 
Not all of the rotational levels predicted in Figure 2.2 are allowed 
for a particular(^-structure. This is because alpha particles are bosons, 
and Bose-Einstein statistics demand that the only wavefunctions which can 
occur are those that are invariant under all possible permutations of alpha 
particles. In order to decide which wavefunctions of Equation 2.5 satisfy 
this condition, we note that the Hamiltonian In Equation 2.2 is invariant 
under all group operations which leave the "C-structure invariant. These op­
erations must be carried out in the body-fixed coordinate system where the 
mean positions of the alpha clusters are constant in time. Since and Hy 
also have at least as much symmetry as H, each!P^ and S'y, as well as the 
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product of FP, must belong to one of the irreducible representations (iR) K V 
of the point group. Using Bose-Einstein statistics, one then requires 
to be symmetric under all operations of the group, and this in turn implies 
that and must both belong to the same IR. If no normal vibration is 
excited, both and ^ belong to the completely symmetric IR. 
In Table 2.1, the rotational wavefunctions are classified for most of 
the point groups that will be considered in this work. Standard procedures 
exist for cataloguing these rotational wavefunctions, and these methods 
will be described in detail in the next section. The lowest-lying experi­
mental rotation bands of a nucleus are presumably built on the zero-point 
vibrational mode and must therefore be correlated with the theoretical 
bands associated with the completely symmetric IR's which are given at the 
top of each column. With this assumption, one can usually eliminate all 
but one of the possible structures for each nucleus. 
C. Classification of Rotational Wavefunctions 
1. Procedure 
L The wavefunct ions are e igenfunct ions of the spherical top (Fig­
ure 2.2a) and therefore generate IR's of the rotation group R(3) in body 
coordinates. Since R(3) is a cover group for all rotation point groups, 
the set of wavefunct ions ,K=-L, • • • , lJ forms a (2L+1)-fo1d reduc­
ible representation for the point group in question. This reduction must 
be accomplished so one can find which rotational states are allowed for 
each IR of the point group (as shown in Table 2.1). Although the reduction 
procedure has been described in previous papers (26), i t will be rederived 
in the present work using Rose's notation (25) for the rotation matrices. 
Table 2.1. Allowed rotational K bands for each IR (denoted r) of various point groups. Unless 
otherwise stated, all energy levels with L^K are allowed for each band. Note that par­
ity is conserved within each IR only if the point group includes the inversion operation. 
"26 ''2h °3d d^ °4h "Sh 
K bands - K' bands k" bands K bands r k" bands r k" bands - K bands 
even;, 
2", U*,... 
"3 
0*(L even), 
2 , 4 ,... 
'^ ig 0 (L evenK 
3% 6*,... 
I 
A, 0*(L e/en), 
3 , 6 , • •. 
A, 0*(L even), 
4 , 8 ,... 
0^ (L even), 
4 , 8 ,. •. 
0*(L even), 
5', JO*,... 
0 fL e/*" . 
2% 
M 0 fL even) 
2 , 4 J.. • 
0 IL t-ven;, 
3 J 6 J... 
A," 0 fL e/en), 
3 , 6 1 • • • 
0 (L even), 
4^ , 8",... 
A,u 0 (L eve-i), 
4 f 8 J • • • 
0 (L even), 
5*, to',... 
CT'L odd , 
2 , ^  f % , t 
-I3 odd). *Zg 0* (L odd), 1+ <:+ J , 0 ,. • • 
0*fL odd). 0*fL odd), 
4 , 8 ,... 
9^ 
0* (L odd), 
4"", 8",... 
2^' 0*fL odd), 
& , 10,... 
«2 0 'L odd 'j 
- I -J C"a odd). A2u 0 (L odd). "2 0 'L odd;. ®2 0 (L odd). 
0 (L odd 
"2 C ;l odd). 
4",.. . 2 , U ,., 4 3 J 6 ,. •. 3 , 6 , •.. 4", 8',... 4 , 8 J •. • 5 , 10,... 
E 3=, 5=.. 
'29 
l\ 3\ 5+,... 2+, 4+,... E' 1 , 2 , 4 ,... l\ 3", 5",... = '9 2", 6*, 10+,. 1", 4+, 6+,. 
®2u r, 3", 5",... r, 2-, 4-,... E"  ^ i 2 , 4 , #.. 2^ 2*, 4*, 6*,... «lu 
2", 6", to'.. 
' ^1" 
r, 4-, 6',. 
3^ g i\ 3% 5*,... S 
r, 3% 5+,... 
«2g 
2% 6% '0+,-
• 2^' 2'', 3", 7',. 
3^ J B2u 
'g 
Eu 
2", 6-, 10-,. 
3^ . 5+,.. 
1 , 3 > 5... 
• 2^ 2", 3\ 7%. 
K> 
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2. Symmetric and asymmetric rotors 
Only two types of rotations need to be considered for structures that 
are not spherical rotors. These are: 
1. C —an n-fold rotation about the body-fixed z axis, and 
n 
2. —a 2-fold rotation about the p^*^ axis in the xy plane. 
2 IT Since implies a rotation about the z axis through an angle o(=—p^, we find 
from Equation B6 that 
A ' 2 L. ^ \ 
(2.15) 
All of the structures in the present work will have at least two 2-fold 
axes in the xy plane. If the p^^ 2-fold axis subtends an angle with the 
x axis, one gets from Equation B7 
C2 0^ p) = C-/ . (2.16) 
Besides L and M, parity is also a good quantum number of any rotation­
al state. Therefore one must consider basis states of the full rotational 
group 0(3) which includes rotations and reflections. This can be easily 
accomplished in a formal, mathematical procedure by introducing a parity 
quantum number (denoted TT) to the basis functions and stating that the in­
version operator (I) operates on the states in the following way 
X (:/!.;£)= J = ± (2 
Note that the parameter space has doubled; represents either the identity 
or inversion element. For convenience, the latter variable will be sup­
pressed in all subsequent rotational wavefunctions that include the parity 
quantum number, so we simply write 
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I J C-^) - i  ^ • (2.18) 
where A now characterizes the parameter space of the full rotational group, 
0(3). The physical concept of parity on a non-planar molecular structure 
is more complicated and is explained by assuming that these structures have 
a certain probability for tunneling through a potential barrier which al­
lows the system to go from a right-handed to a left-handed coordinate sys­
tem (19,20,27). The exact tunneling procedure depends on the shape of the 
configuration and will be considered in detail for the ^-structure of ^®Ne 
in Section H. Parity, however, can be easily understood for planar or l in­
ear structures, since the inversion of all particles is then equivalent to 
an appropriate 2-fold rotation as will be shown later in Section G for the 
O 10 
«.-structures of Be and C. Several authors have specifically worried 
about the parity assignments of wavefunctions, not only in the CAP model 
(21), but also for the collective rotor (28) and SU^ (29) models. Conse­
quently, whenever possible we will note the equivalence of parity assign­
ments found by physically inverting the ot-structure to those obtained from 
the mathematical formalism of the present section. 
All operations of 0(3) can be represented either as a rotation or as a 
rotation multiplied by the inversion element. In this way, one can easily 
show how reflections must operate on the wavefunctions. The ones that need 
to be considered for symmetric or asymmetric tops are: 
1. S^--an n-fold rotation about the z axis followed by a reflection in 
the xy plane (denoted), and 
xy 
2. 0*P—a reflection in a vertical plane, (p is a running label that 
distinguishes different planes). 
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It can be easily shown that S_#I=0' C_, which implies that C =IC„. There-2 xy Z xy 2 
fore, the operation S is actually S =cf C «IC-C . From Equations 2.15 and II 11 ^ # 11 fc 11 
2.17, we then obtain 
In a similar fashion, if one considers (/P to be a reflection in a vertical 
plane with the plane subtending an angle p with the x axis, it can be shown 
that 
and from Equations 2.16 and 2.17, one finds 
(2.20) 
It is important to note that the operations mentioned so far do not mix 
wavefunctions with different values of Jk/. The necessary reduction can 
then proceed from IR's of D instead of 0(3). Using the notation don 
• (2 21) 
one finds a suitable choice of basis states to be 1 L^MO^ and /1 ^^Ifor 
' [ / rM-K7/ 
for K=0 and K>0 respectively. Using these basis states, along with Equa­
tions 2.15, 2.16, 2.19 and 2.20, one can find the matrix representatives of 
the necessary operations in a straightforward manner. For K=0, one finds 
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and for K^O, 
o ^ fo  e ' " "  
0"'%) -<-/ 
\ o V o 
o \ /c 
o'''^.;;=±c/ '(-3) 
In order to find what IR of the point group each IR of D reduces to, ûoh 
one needs only find the trace of these matrices which are 
%r'CCy,) Z 
' '9- ^ ^ (2.24) S r ) =  =  j z C r J  
for K=0, and 
j:2 co i [o f i ) ' r . i ]  
(2.25) 
for Kî'O. It is very interesting to note that the traces of andCP are 
independent ofy9 .  Such a fact indicates that the reduction process is in­
dependent of the exact direction of the x axis in the equatorial (xy) plane 
of the configuration. 
We shall now carry out the reduction for one particular subgroup of 
Figure 2.3 shows a configuration of five particles exhibiting sym­
metry. (It will be shown in Section H that this structure is the appropri­
ate one for The character table, showing the five IR's and symmetry 
classes of is given in Table 2.2. Then in Table 2.3, we make use of 
Equations 2.24 and 2.25 to find the characters of the IR's of under the 
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Figure 2.3. A Dzd structure is invariant under three 2-fold rotations (C^ 
C^, and C2) and two reflections (0^ and (/y ) as shown above. 
The structure is also invariant under two operations which 
involve a rotation of 90° along the 2 axis followed by a re­
flection in the xy plane. 
Table 2.2. Character table for Dzj. 
'^2d E 
CM 
0
 2S^ 2C2'  2^ d 
1 1 1 1 1 
A2 1 1 1 -1 -1 
1 1 -1 1 -1 
82 1 1 -1 -1 1 
E 2 -2 0 0 0 
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Table 2.3. Table showing the reduction of rotational basis functions for 
L^K E h 2S^ 2(2 ' 2^ d IR's of Dgj 
L+ 0 1 1 1 (-)L (-)L A j ( L  e v e n ) ;  A g f L  o d d )  
1 2 -2 0 0 0 E 
2 2 2 -2 0 0 
3 2 -2 0 0 0 E 
4 2 2 2 0 0 A^+A2 
5 2 -2 0 0 0 E 
6 2 2 -2 0 0 »,+»2 
L" 0 1 1 -1 (-)L - ( - )••  B ^ ( L  e v e n ) ;  B g f L  o d d )  
1 2 -2 0 0 0 E 
2 2 2 2 0 0 A|+A2 
3 2 -2 0 0 0 E . 
4 2 2 -2 0 0 B1+B2 
5 2 -2 0 0 0 E 
6 2 2 2 0 0 A1+A2 
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D2jj operations. The standard formulas needed for performing the necessary 
reduction are (30, p. 107) 
^ - (2.26, 
and 
i  . (2.27, 
The quantity is the trace of the matrix representation D^(R) for the 
reducible representation of R, and X(R) is the character for the corre­
sponding IR of D2J labeled by Also, specifies the number of times 
each IR is contained in the reducible representation. In Equation 2.27, the 
sum is over classes of operations, and n^ denotes the number of operations 
included in each class. The results of such a calculation are shown in the 
last column of Table 2.3. From this table, we can now extract the spins 
and parities of wavefunctions allowed for each IR of Dgj as is shown in 
Table 2.4. The allowed wavefunctions can be tabulated more efficiently by 
tr 
noting only the K bands as was done in Table 2.1. Since the procedure for 
reducing the IR's to other finite subgroups is the same as that of Dgy, 
we merely quote the results (Table 2.1) for all other symmetric top point 
groups that will be considered in Section H. 
3. Spherical rotors 
Only four spatial point groups exist which are not subgroups of 1^^. 
Two of these are invariant under the rotations of a tetrahedron (T^ and T^), 
and the other two have octahedral (O^) and icosahedral (l^) symmetry respec­
tively. The reduction of rotational basis functions for these point groups 
30b 
Table 2.4. The quantum numbers for the allowed rotational wavefunctions 
(denoted ) are listed for each IR of 
0+ n"" 
L 
°0 °0  
1l 
1" 
2+ 
1 
2" 
3+ 
^2 A, h B, 
^2 
^2 
h 
K 
54 
"'0 < 
^2  54 3+ 
E 
< K 'Ô 1 
3 j  33 
"I 
S 
'Ô 
' z  Bz  
4; 
4^ 
^2 ^2 
5| 
^2 K \ 5' =3 55 
< ^2 5Ô 4 6| 4 
64 
'6 H" S" '5 
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characters of the various IR's for each rotation, we do not have to consid­
er the axis direction. This differs from the symmetric rotor where it was 
found that a 2-fold rotation about the z axis generated different charac­
ters than the same rotation about an axis in the xy plane. Thus, the only 
rotation that need be considered for the present case is a rotation by an 
angle of about any axis. The character of such an operation can be readily 
evaluated by performing the rotation about the z axis. Choosing the basis 
functions as 
I I \ 
one can show that the corresponding matrix representation is 
! ^ ^ L <*. O  • • •  O  \  
iC - 'Ooc  
-J .UBC 
/ 
The trace of this matrix can be shown to be (30, p. 336) 
K-U S /T» ^ 
2 i r  
(2 .28)  
(2 .29)  
Remembering that C denotes a rotation by an angle oc=—, we obtain 
1 n 
s'tri  
(2.30) 
The only other operation that need be considered is S , an n-fold rotation 
n 
followed by a reflection in the plane perpendicular to the axis of rotation. 
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From Equation 2.18, we know that 5^=1020^, so 
It should be noted that and correspond to a reflection through a plane 
isf) and inversion (X) respectively. 
Again, we shall carry out the procedure for one particular subgroup of 
0(3). In Chapter IV, we shall be particularly interested in the tetrahedral 
(Tj) group, so this point group will be the one considered. Figure 2.4 
shows four particles located at the corners of a tetrahedron (as is supposed 
to be the case for ^^0), and the character table for is given in Table 
2.5. Using the Equations 2.29 and 2.30, one can again find the necessary 
characters for the classes of Ty as shown in Table 2.6. Using the results 
of this table, we can then obtain the spins and parities allowed for each IR 
(Table 2.7). Notice that bands are no longer distinguishable as they 
were for symmetric tops. 
D. Normal Vibrations 
If the vibrational part of the Hamilton!an is to remain invariant under 
the operations of the point group, the following conditions must be met: 
1. A nondegenerate normal mode will be either symmetrical or antisym-
metrical with respect to each operation of the point group of the undistort-
ed configuration. 
2. Each symmetry operation of the group will transform a member of a 
degenerate set of vibrations into linear combinations of the members of this 
degenerate set. 
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Figure 2.4. Tetrahedral structure of four particles. 
Table 2.5. Character table for the Tj point group 
Td E 8c^ 3C2 6od 6S/j 
1 1 1 1 1 
^2 1 1 1 -1 -1 
E 2 -1 2 0 0 
3 0 -1 -1 1 
^2 3 0 -1 1 -1 
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Table 2.6. Reduction of the 0(3) IR's with respect to the point group. 
E 8C3 3C2 % IR's of d 
0+ 1 1 1 1 1 Al 
1 + 3 0 1 Tl 
2+ 5 1 1 E+T2 
3+ 7 1 1 A2+T1+T2 
4+ 9 1 1 1 A1+E+T1+T2 
5+ 11 1 E+ZT^+Tg 
6+ 13 1 1 1 A1+A2+E+T1+2T2 
7+ 15 A2+E+2T^+2T2 
8+ 17 1 1 1 A2+2E+2T ^  +2T 2 
0" 1 1 1 
*2 
r 3 1 
^2 
2" 5 1 1 E+Ti 
3" 7 1 1 1 A1+T1+T2 
4" 9 1 A2+E+T1+T2 
5" 11 1 E+T,+2T2 
6" 13 1 1 1 Ai+A2+E+2T^+T2 
7" 15 0 1 1 A,+E+2T,+2T2 
8' 17 -1 1 A2+2E+2T^+2T2 
Table 2.7. Table showing the number of times each IR of the T^ point group contains a rotational 
wavefunction of spin and parity L . 
0+ r 2+ 3+ 4+ 5+ 6+ 7+ 8"^ r 2" 3" if" 5" 6" 7" 8" 9" 
1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 1 1 0 
"2 0 0 0 1 0 0 1 1 0 1 0 0 0 1 0 1 0 1 
1; 0 0 1 0 1 1 1 1 2 0 0 1 0 1 1 1 1 2 
0 1 0 1 1 2 1 2 2 0 0 1 1 1 1 2 2 2 
•^2 
0 0 1 1 1 1 2 2 2 0 1 0 1 1 2 1 2 2 
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In order for these requirements to hold, the norma-1 ..modes must belong to an 
IR of the point group. 
In the present work, we need only show how many normal coordinates be­
long to each IR of the group. This is most easily accomplished by finding 
the reducible representation generated by the 3N degrees of freedom, and 
then resolving this representation into its IR components. The rotation 
and translation coordinates belong to definite IR's, so they can be removed 
after the reduction. 
The exact procedure for finding these modes can be best explained by 
considering a specific example. Figure 2.5 shows the same configuration 
of five particles considered in the previous section. Also shown are the 
fifteen internal cartesian coordinates which are appropriate for finding 
X^(R). These traces can readibly be found by summing the diagonal contri­
butions of D'^(R) (as exemplified in Table 2.8). By applying Equation 2.27 
to the reducible representation, one can then resolve the representation 
into its IR components (Table 2.8). The above method for classifying normal 
modes will be used many times throughout the thesis for different (%-struc-
tures. Since the method is the same in all cases, we shall only tabulate 
the results. 
As has already been noted, the spatial symmetry of a structure cannot 
usually determine the exact shape of a normal mode. This will occur only if 
an IR contains one normal vibration. If two or more normal modes belong to 
the same IR, one must be satisfied with constructing orthogonal "symmetry 
coordinates" which transform under the conditions imposed by the IR. The 
normal modes for the IR will then be linear combinations of these symmetry 
coordinates, the coefficients of which depend on the force constants between 
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Figure 2 . 5 -  A Dny configuration of five particles and its fifteen degrees 
of freedom. 
Table 2.8. Characters for the IR's of D2d and also the reducible represen­
tation which is generated by the fifteen internal coordinates 
of Figure 2.5. Also shown is the tensor sum ofyo into its IR's 
The bracketed IR's must be subtracted since they represent the 
six translations and rotations. 
Translations, 
Rotations 
CT^.Ty); (R^,R ) 
jD=Ai+Ai+B,+B2+B2+E+E+{A2+B2+E+E} 
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particles. The symmetry coordinates can usually be found by inspection, 
but they can also be calculated in a straightforward manner using the 
"projection operator" technique (30, p. 113). Figure 2.6 shows the nina 
symmetry coordinates for the structure considered earlier. The only 
coordinate that is a genuine normal mode is the twisting vibration of 
symmetry. These symmetry coordinates are never used explicitly in the pres­
ent work, so they will not be displayed for any of the other structures. 
E. Electron Scattering Form Factors 
The charge distribution of the nucleus for the CAP model is given by 
ae £ ((r-5-0 , ( 2 . 3 2 )  
wherey:^(r) is the spherical charge density of each alpha particle normal­
ized to unity, n is the number of alpha clusters, and is the position of 
the i^^ alpha particle. Using this distribution and the Born approximation, 
one can derive a formula for the differential electron scattering cross sec­
tion in a long, but straightforward manner. The procedure is well known, 
since several authors have used the method for predicting the form factors 
for various Orstructures (31-36). However, as far as I am aware, only a 
brief sketch of the derivation has been published (34), so a formal deriva­
tion of the theoretical form factors should be included in the present work. 
The Hamiltonian that one needs to consider is 
H =  Hr^  +  +  H '  , (2.33) 
where H and H are the Kami 1 tonians for the nucleus and free electron re-
n e 
spectively, and H is the perturbing potential which has the form 
/r-r'/ 
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"BREATHING" MODE SCISSORS" MODE "TWISTING" MODE 
Figure 2.6. Possible symmetry modes for the D2y «f-structure of ^®Ne. The 
only genuine normal vibration is the twisting mode. 
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In the last equation, the integration is carried out over the laboratory 
coordinates, and r^ Is the position of the electron. The charge density of 
the nucleus naturally depends on the nuclear wavefunctions and is normal­
ized to the nuclear charge, Ze. 
Hofstadter has shown (37) that the differential cross section in the 
Born approximation between initial and final states with spins I  and I  is 
I  .  (2 .35)  
The first factor Is the Mott-scattering cross section for electrons 
a 2. 2 ® 
\  _ /  ee  \  co-s^T  I  
{ 4 ^  J  p o i n t  -  { ^ 2  B e /  I I  '  (2 36) 
where 0 Is the scattering angle, Eg is the incident energy of the electron, 
and M is the mass of the target nucleus. The last term can be expressed as 
I (2.37) 
We shall therefore be interested In two types of matrix elements of 
Equation 2.37. The first solution considers the nucleus as a point, and 
the wavefunctIons will simply be those of a free electron 
(2.38) 
jfz /, %2 
I f - Uf € / L , 
where u. and u^ are the four component spinors common to solutions of the 
Dirac equation, and q and q' are the momenta of the Incoming and scattered 
electron respectively. The second matrix element we want to calculate in­
cludes the CAP model wavefunctions. For the present, we shall be concerned 
only with transitions among states belonging to the ground state rotational 
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band. The vibrational modes of Equation 2.5 do not then have to be consid­
ered, and the initial and final states of Equation 2.37 can be expressed as 
U; e // L 
; / it (2-39) 
l f >  =  W ^ 
In evaluating the terms of Equation 2.37, one does not have to consider the 
4-component spinors (u. or u^) since they will contribute the same multipli­
cative factor in both the numerator and denominator (37). Defining the mo­
mentum transfer as 5=q"3_'» and Z as the number of proton charges in the nu­
cleus, one can evaluate the matrix element of the point nucleus using Equa­
tions 2.34 and 2.38 as follows: 
& Or') 
/r-x / 
(2.40) 
= £3- Ce'' ~ ~ r si-n cerj . 
l 'Q ' -  i  
The last integral is indeterminant, but can be evaluated if one allows for 
the screening of the atomic electrons. Correcting for this effect, the in­
teraction potential becomes exp(-l£3£-j), where a is a distance of 
IX - r  I  a  
atomic dimensions (38, p. 274). The last integral would then be 
,  -  (^4)  I  
s i r j  ( g f )  ^  d C ^ ^ )  =  - J  —  I  ,  ( 2 . 4 1 )  
I' 
and the denominator of Equation 2.37 therefore has the value 
_  , Z  / 6  1 7 - ^ e  
I <J'I ff U>1 pe^rtt ~ ' (2.42) 
L Q 
The integral involving CAP model wavefunctions is far more complicated. 
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From Equations 2.32 and 2.34 one has 
43) 
The last integral can be evaluated by letting r.=r'-R. 
*= !  •>  ^  I  
_ g 
•n J 2 irV^ 
In the last equation, we have assumed all alpha particles have the same 
charge distribution so that F^(p), the Fourier transform ofyOg(rj), is in­
dependent of the particle label. The last two integrals of Equation 2.43 
are then _ ^ 
7]  2.-* STT^Q^ 
Substituting this quantity into Equation 2.43 we find 
• (3.46) 
In order to evaluate the last integral, one must write the last term In body 
coordinates where the R.'s are constant in direction as well as magnitude. 
~-i 
This Is accomplished by using the relation (38, p. 247) 
^ ^rrl 
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along with Equation A3 which states 
y '  a - )  .  s , A _ _ ^ , i n . - )  (2.48) 
From Equation 2.12, we find that the rotational wavefunctions i ' (^) can be 
LM 
written as 
(yi) . , ^ 
(2.49) 
It should be recalled that the expansion parameters ajj^^ depend on the asym­
metry parameter only if we are describing the motions of an asymmetric rotor. 
For a symmetric or spherical rotor, the wavefunctions can be expressed in 
analytic form and the a^^'s are merely numbers that are determined from the 
symmetry of the alpha structure, as was shown in Section C. 
The last integral of Equation 2.46 can then be evaluated with the aid 
Equation C12 
^ f t  J .  Q ' / i ^  < rn ' i  
K K '  
8 •JT^ ^ 
—- ^ kL50) 
= t i r Jc IZToCiu tO g a.  « ->i„Cs) 
-Hyn t r r } '  
Since we are concerned only with even-even nuclei, all initial spins will 
have spin 0^. Therefore, in order to shorten the remaining calculations, 
we set L=0, and proceed with this specialized case. The integral then sim-
plifies to 
43 
^ CAjv C^) e j zL ' t r  
X /,c,' ( s ) À ' « ' = )  
K' 
By using the identity 
• ^ ^ r* y*^ 
i- i  1 = C-; 
-y r )  YT)  O  )  
+  I  
and Equations 2.46 and 2.51, the matrix element becomes 
>: [£s .KUi ) f 'CS/ .U i ) i .< ' ' -> ]  • 
In evaluating /i/*/^, one must average over the initial states and sum 
over the final states, in the present case, L=0, so we need only sum over 
final states. Using the completeness relation of spherical harmonics (39, 
p. 69) ^ 
s  ( g )  .  
2L'i-t fir ' (2.53) 
one can show this quantity to be 
.2 
Thus, the theoretical cross section for the CAP model can be written as 
(TI) = . (2.55) 
IP  
where the form factor can be calculated from Equations 2.37, 2.42 and 
2.54 to be 
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fL ^ f 6) • (2.56) 
In Sections G and H, explicit form factors will be calculated for symmetric 
top structures. Since |k| is then a good quantum number, the form factor 
will be denoted by 
Most of the calculations in this paper will involve small momentum 
transfer (QS3 fm ^). in this limit y)(r) can be approximated as a normalized 
gaussian function 
A C j ' (2.57) 
and its Fourier transform then becomes 
_au" /G 
F^CQ) = G , (2.58) 
where a is the root mean squared (rms) radius of each alpha cluster. The 
interactions between alpha clusters may cause their rms radii to be slightly 
larger than the 1.63 fm valid for the ^He nucleus (40). In the present cal­
culations, the parameter a was found to always l ie between 1.7 and 2.0 fm. 
F. Electromagnetic Transition Matrix Elements 
The partial mean width of a nuclear energy level decaying by multipo-
larity (%,^) between initial and final states of (N,L) and (N ,L ) is (41, 
p. 271) 
.ZJ l f l  
where ^ will be either E or M depending upon whether the radiation is elec-
CI a ^ wi loey oiiu jc * a ciic wiwci wi ciic biattdiciwii* loac i*t 
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the above equation Is the reduced transition probability which in our nota­
tion is 
= ^  (2.60) 
The quantity-^represents the electric or magnetic multipole operator of 
rank i. expressed in laboratory coordinates, and the sum \  ^ < arises 
2L+1 Mm 
since the quantity must be averaged over the initial and summed over the fi­
nal states. The sums over the magnetic quantum numbers can be carried out 
by using the Wlgner-Eckart theorem of Equation Cl8 
< t m) , (2.61) 
and the unitarity relations of the 3-J symbols (Equations C6 and C7). The 
reduced transition probability is then 
IcnVII?.W/Ia/01 . (2.62) 
The operators are evaluated in the long wavelength approximation as 
(42) 
(2.63) 
and 
whereyO^(r) and j^(r) represent the charge density and current density in­
side the nucleus, and the integration is carried out over the finite volume 
of the nucleus. These operators can be shown to be tensors of rank j? (43, 
p. 35), so from Equation C20 we find 
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3-4,., = 2: o.,' " 3:^'» • <2-«) 
The last term, is the corresponding intrinsic multipole moment of the 
-Structure in body coordinates and is the quantity which induces the tran­
sition. 
Again, we shall consider only transitions between states of the ground 
state rotational band so that the wavefunctions are of the form 
The matrix element involved in the transition can be evaluated by using 
Equations 2.61, 2.66 and C12 along with some symmetry relations of the rota­
tion matrices: 
!  -7 C&)  
[iJzlL <: n'l'm' I lA/LMy 
y 4- r r  
* L ^  L.  /" / 
CZL'+O (.2. A+OC^IL + O ^ ^ /vV 
47r /f/f'»' Q f p i  J  U.b7j 
/ ^TT H M 'M '  & i r ^  
The reduced matrix element of Equation 2.61 can then be written as 
./HHgEzEST 
l ' + M '  U ' *  /. /<-' L \ ^ 
^ (-) K^-k' m «/ 
This relation will be used extensively in the next two sections in order to 
extract theoretical multipole moments from the experimental values of 
{\i CWMIIwl) . 
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The intrinsic multipole moments of the ((-structure, can be found 
from Equations 2.63 and 2.64, if the integrations are carried out in body 
coordinates. Most of the transitions in deformed even-even nuclei are 
caused by the intrinsic electric multipole moments, so these quantities will 
be evaluated first. The nuclear charge density will be the same as that as­
sumed in Equation 2.32 and is 
/>Cx: ^ /o . (2.69) 
The integral in Equation 2.63 can then be evaluated by noting that in its 
derivation, one only considers those fields outside of the nuclear charge 
distribution (39, p. 99). Since the electric field outside of a spherical 
charge distribution is the same as if the charge were centered at the center 
of mass, we can instead use the density 
jO CX , = 2 e. • (2.70) 
The integral in Equation 2.63 then becomes 
. (2.7,) 
an expression independent of the rms radius of each alpha cluster. 
The magnetic intrinsic moments are somewhat more difficult to determine 
because the current density J(r) must be known at every point inside the nu­
cleus. In Section I, it will be shown that the rotation of an ^-structure 
is not rigid and only a fraction of the nuclear mass contributes to the 
overall rotation of the configuration. Therefore, within the framework of 
the present model, it is virtually impossible to find a value for the in­
trinsic magnetic moment that is more accurate than the one which can be 
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calculated by assuming that the alpha clusters are point particles. How­
ever, magnetic transitions appear in only a few isolated cases for light 
A=4N nuclei, so we shall be satisfied in making such an approximation. With 
this assumption, the form of the intrinsic magnetic magnetic moments, , 
is the same as that obtained by considering the orbital contribution of the 
nucléons in a shell model calculation and may be written as (42) 
Vv ilr f . (2.72) 
w h e r e I s  t h e  n u c l e a r  m a g n e t o n ,  g * = 0 . 5 0 0  I s  t h e  g y r o m a g n e t l c  ( o r  
charge to mass) ratio of each alpha particle, andip is the orbital angular 
momentum of the p^^ cluster. By introducing pseudospherical coordinates and 
using Equation C17, we find 
(2.73) 
The above expression can be easily evaluated for magnetic dipole moments be­
cause 
£ , (2.74) p 
where is the t^^ component of the total angular moment of the déstruc­
ture, J.. The dipole operator may then be calculated as 
- T^" f • (2-75) 
it can be shown that the above expression arises whenever the ratio of the 
K.iiai yc «.UIICIIK uciiaiLy L<J iViâSS cuiieiiL uensiLy ib — lur every poinc insiae 
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the nucleus. The Nilsson model predicts 
(2.76) 
for this quantity, which of course gives the same value as the CAP model for 
the A=4N nuclei we are considering. From Appendix D, we find that the oper­
ator L can only change the magnetic quantum number of the wavefunction 
INLM^; so the CAP model, as well as the Nilsson model, predicts all magnetic 
dipole transitions between different rotational energy states to be identi­
cally zero. 
Higher order magnetic multipole moments are more difficult to estimate 
because the sum cannot be evaluated in any simple fashion. In order to 
evaluate general matrix elements of the operator in Equation 2.73» we must 
express the angular momentum operators of each particle (Lp)|. in terms of 
the total angular momentum of the structure. Such a relation will depend 
not only on the shape of the oi-structure, but also on the approximations 
that must be made concerning the rotation of the nuclear mass. If one as­
sumes the ^-structure to be rigid, the necessary relations can be found in a 
straightforward, but long and tedious classical calculation. For the pres­
ent, however, we simply state the above discussion formally as 
m 
(2.77) 
and by combining this expression with Equation 2.73, we obtgin 
P 
From this last equation, we see that all magnetic multipole operators, M 
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are linear combinations of the three angular momentum operators , L^, L_^, 
Thus, the CAP model, under the approximations made, will predict a zero 
value for all multipole orders of magnetic transitions. In Section H, it 
will be shown that such a definite prediction is consistent with the several 
magnetic transitions that have been observed among the low-lying states of 
several l ight A=4N nuclei. It is interesting to note that the asymmetric 
rotor yields a similar prediction for magnetic octopole transitions, since 
the operator for this model has been previously shown to be (43, p. 56) 
'^3" (?) ^  . (2 79) 
where is the average radius of the deformed nucleus. 
Unlike the mean lifetime of a nuclear state, the reduced transition 
probability is independent of the energy of the emitted photon (see Equa­
tions 2.59 and 2.60) and is therefore the usual theoretical quantity that 
one compares with experiment. In addition, this quantity is normally ex­
pressed in dimensionless Weisskopf units as 
where ^ (A4) is an approximate value for the single-particle reduced mul­
tipole transition and is defined to be (44) 
(2.81) 
. (2.82) 
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Usually, the enhanced E2 transitions for "deformed nuclei in the 2s-ld shell 
have a value of ^ between 10 and 50. Several comparisons between the 
experimental and theoretical transitions will be made in the next section. 
In some calculations, i t is advantageous to work with the reduced ma" 
trix elements <^N L/|^£)|NL^ rather than the From Equation 2.62, 
one sees that only the absolute value of this quantity can be obtained from 
experiment. One additional reduced matrix element that can be experimen­
tally measured for even-even nuclei is the static quadrupole moment of the 
first 2^ excited state (denoted Qp• The technique for measuring this quan­
tity has only been perfected within the last few years, but already it has 
been used to determine for a number of l ight even-even nuclei. From the 
definition of a static quadrupole moment, 
IT 
Qj. = <y Ozol , (2.83) 
we can readily relate this quantity to the corresponding reduced matrix ele­
ment as follows: 
The multiplicative constant is needed in order for our quantities to be 
consistent with those most common 1 y used. Some authors will define the re-
tr + duced matrix element as the negative of our value. When J =2 , we find 
QJ = ^<z^Il£C^)l2.-'y . (2.85) 
It should be noted that this last measurement is capable of producing the 
(2.84) 
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sign as well as the magnitude of the reduced matrix element, and this fact 
will be used later to determine the quadrupole shapes for several l ight 
A=4N nuclei in the 2s-1d shell. 
G. Review of IP Shell Nuclei 
1. The l imited success of the CAP model for 1p shell nuclei 
As noted in the introduction. Wheeler (7) was the first person to dis­
cuss the theoretical energy spectra for the most plausible c(-structures of 
^Be, and ^^0, namely the dumbbell, equilateral triangle, and regular 
tetrahedron respectively. Since very l itt le was known at that time about 
the experimental levels of these nuclei, he simply made some reasonable es­
timates for the vibrational and rotational constants and presented his cal­
culated levels so that they could be either verified or repudiated by future 
experiments. To show that he was completely honest in finding values for 
his constants. Wheeler then compared his results with one of the few observ­
ables available at that time. This quantity was the position of the first 
g 
energy level of Be at 3 MeV which he incorrectly predicted at 2 MeV. This 
large discrepancy did not discourage him in the least, since it merely indi­
cated that the rotational and vibrational constants would have to be taken 
as f itt ing parameters to be determined at a later time when more levels were 
discovered. 
Since Wheeler's original work, the CAP model has been thoroughly inves­
tigated for the Ip shell nuclei and found to be somewhat l imited in its ap­
plication (19-21). Figure 2.7 shows the best agreement attainable between 
the experimental and theoretical energy levels for these three nuclei. The 
values used for the rotational and vibrational parameters are given in Table 
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Figure 2.7- Level schemes of Be, C, and 0, and comparison with the 
CAP model. 
Table 2.9. Values of parameters used in fitt ing the observed levels. 
Rotational Excitation energy (MeV) and symmetry 
Nucleus parameters classification of normal vibrations 
(MeV) (IR) •p)U/\{\^) 
(U aa 
C
O
 
A^—A2™•48 
A3=? 
? ;  (A,) 
- — 
'h 
A-i =An= .74 
A3=.82 7.7; (A,') 8.4; ([ ') —  — —  
16„ 
V A^=A2=A3=.5i 6.0>; (A,) b . / / ;  ( E )  4.7; (F,) 
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2.9. The apparent agreement between experiment and theory is somewhat su­
perficial since the number of f itt ing parameters is about equal to the num­
ber of levels predicted by theory. Also, some noticeable inconsistencies 
occur when certain reduced transition matrix elements are calculated and 
compared with experiment, i t is encouraging to note, however, that all 
12 16 
structures for C and 0, other than the two logical ones assumed in Fig­
ure 2.7 can be eliminated as being the physical structure because they pre­
dict too many low-lying levels. Some examples of these alternate structures 
12 
are the isosceles triangle for C (Cg^ symmetry), the planar rhomboid for 
^^0 (^2^ symmetry), etc. Also, some of the discrepancies of the CAP model 
concerning the reduced matrix elements have been rectified by considering a 
more realistic "C-particle model. Therefore, because of its relevance to the 
present research, a review of this past work will be presented for each of 
the three nuclei. It will be found that such a review will also enable us 
to gain new insight into the validity of some of the approximations made 
earlier during the derivation of the CAP Hamiltonian. 
o 
2. The dumbbel1 rotor for Be 
The dumbell structure for ®Be has symmetry, and by methods analo­
gous to Section C, one can show that the rotational states belonging to the 
completely symmetric IR are 
f: > < ' • • •  . (2.86) 
Since nonzero values of K do not exist, the Hamiltonian for the ground state 
rotational band is simply 
//=/?, t (^ + 0 . (2.87) 
The physical concept of parity for this linear structure is easily under­
stood, because the inversion operation merely permutes the two alpha parti­
cles and is therefore equivalent to any 2-fold rotations about an axis in 
the xy plane. From Equation B7, one then finds 
I C-n-) Dj;f C^) . (2.88) 
This agrees with Equation 2.86 which was found purely from mathematical 
formalism. The theoretical levels are shown in Figure 2.7a with the rota­
tional parameter arbitrarily chosen to be A^=.48 MeV. The theoretical re­
duced %-widths are predicted by a simple extension of the CAP model proposed 
by Davis (45, p. 67; 46, p. 313) which need not be considered at present. 
The experimental states above 16 MeV cannot be explained by the CAP model 
and are now believed to be caused by one of the alpha clusters breaking up 
into its constituents, such as nucléons, deuterons, tritons, etc. (47). 
If one considers the rotor to execute rigid motion, the rotational pa­
rameter A^ can be related to the dimensions of the %-structure by the clas­
sical relation 
X/ = ^  CT" , (2.89) 
where and a are the mass and rms radius of each alpha particle, and d is 
the distance between the centers of the two clusters. Assuming a realistic 
value for a of 1.7 fm (see Section E), one calculates the separation dis­
tance to be d=3.7 fm. In the last section of this chapter, i t will be shown 
that only a fraction of the nuclear matter contributes to the moment of in­
ertia for most deformed nuclei. Therefore, the value d=3.7 fm should only 
be taken as a lower l imit to the actual separation. 
Another estimate of the alpha separation distance can be made by plot­
ting the various phenomenological oi-o( potentials which are derived from oc-oc 
scattering and locating the minimum in the potential. One of the most com­
mon "(-oi potentials in use today is that of Afzal et al. (48) which is 
found to be dependent on the angular momentum L of the composite nucleus. 
The minimum of the L=0 potential is approximately d=2.9 fm. Due to the 
strong repulsive force of this potential at small distance, this value may 
again be smaller than the actual alpha separation distance by at least 0.5 
fm (49, p. 462; 50). 
Unfortunately, no experimental Information exists for the electron 
scattering form factors or the reduced electric transitions of the rotation-
o 
al states of Be, since these levels disintegrate Immediately Into two alpha 
particles. Such Information, however, does exist for ^Be, and a unified 
version of the ^-particle model predicts an alpha separation distance of 
about d=3.8 fm for this nucleus, as will be briefly discussed In Chapter IV. 
3. and the RAP model 
12 Figure 2.7b shows the energy levels of C assuming that Its (^-struc­
ture has symmetry. The levels can be calculated from the formula 
//= f f 77^^^ , (2.90) 
where the rotational and vibrational parameters are given In Table 2.9. 
These values differ somewhat from those obtained in a 1953 calculation (21) 
because at that time the spin of the 3 level at 9.64 MeV was not known. 
The allowed rotational bands for the two normal vibrations can be found from 
labie 2.1. Since the o(,-structure under consideration is planar, the parity 
57 
of the levels can again be determined by rotational motion only. In the 
present case, the inversion operation is now equivalent to a 2-fold rotation 
of the structure about the z axis, and so from Equation B6 one finds 
I DJ;'CA) • (2.91) 
The agreement between this last equation and the previous mathematical for­
malism can only be appreciated when one notes that all possible vibrational 
modes of the triangular structure, no matter how many phonons of the two 
normal vibrations of Equation 2.90 are considered, belong to only three of 
I I I 
the six IR's of these being , A2 and E . From Table 2.1, we see 
that all rotational states belonging to these three IR's have parity (-)^\ 
The elastic scattering cross section predicted by the triangular *-
structure can be calculated from Equation 2.56. The resulting formula is 
F00 ^ ^ « (2.92) 
where 1^ (q) is the experimental form factor of each alpha particle, R is the 
radial distance of each alpha cluster from the center of mass of the tri­
angle, and q is the electron momentum transfer. The best agreement with 
experiment (51) is shown by the solid line in Figure 2.8, and occurs when 
the parameter R is chosen to be R=1.75 fm. This corresponds to a separation 
distance between adjacent alpha particles of d=3.03 fm. 
Other values for this separation distance can be obtained from the ex­
perimental electric transitions probabilit ies observed from the 2^{k.k3 MeV) 
and 3 (9.64 MeV) excited states to the 0^ ground state. Both of the excited 
states are explained by the CAP model as being rotational states of the 
zero-point vibrational mode, and have the following rotational wavefunctions 
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Figure 2.8. The square of the experimental elastic form factor is plotted 
alonq with the curves predicted by the CAP model (with one 
variable) and the RAP model (with no variable). The one pa­
rameter in the CAP model gives the alpha separation distance 
of d=3.03 fm. 
••EXPERIMENT 
—CAP MODEL -
12 3 4 
q (fm"') 
Figure 2.9. The absolute value of the elastic form factor is plotted along 
with the curve predicted by the CAP model. The one parameter 
yields an alpha separation distepce of d=3.36 fm. 
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c-^) (2.93) 
<^ i3-^>=yC^ 0/3 C-^) -/F Pw,.3 I • (2 94) 
By applying Equation 2,71 to the triangular structure, we find that the in­
trinsic moments are related to the radial distance R by the formulas 
Q20 = ^  ^ 20 = (2 .95) 
6 3 3 =  - ^ 3 , - 3  =  - | - / ^  e  / ?  .  ( 2 . 9 6 )  
The most reliable values for the experimental reduced transition probabili­
ties of these two excited states are (44) 
8 (52; 2^0^; ^ s.sr ±. o.es- (2.97) 
and 
B  ( £ 3  j  3~—^0"^)= 112. ±.ZS' e J" m ,  (2 .98)  
which correspond to the reduced matrix of (see Equation 2.62) 
l<Z^l lEC2 )l l é.S- ± O.z e jFr»^ {Z .$3) 
and 
l<3 ' l l£Cs) l l  O-^^i  = 2 8 i  3 e . (2.100) 
From Equations 2.68, 2.93» and 2.94, we find that the theoretical reduced 
matrix elements can be expressed as 
(2.,01) 
and 
I  ^  i <  _  i i _ + v l  —  7  1 / ^ 3  3  O  \  C  I /_ 
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The magnitudes of the intrinsic moments can now be calculated from the last 
four equations and are 
I  Qzo I = 2 0 . 6  ±  0 . 6  ;P>77^ (2.103) 
I E 3 3 I  =  2 6.5- ± 2 . 8  .  (2.104) 
Equating these values with Equations 2.95 and 2.96, one finds the two values 
for the radial distance to be 1.8<R<1.9 fm for the quadrupole transition, 
and 1.9<R<2.0 fm for the octopole transition. These values are noticeably 
larger than the R=1.75 fm found from the elastic electron scattering experi­
ments. However, this is to be expected since centripetal distortions will 
pull the alpha clusters outward for excited states of nonzero spin (52). 
12 The preceding results of the CAP model on C are quite good, but i t is 
very discouraging that so many parameters are needed to correlate the low-
lying states with theory. An alternate d-particle model, which contains no 
f itt ing parameters, was formulated around I96O and called the realistic <-
particle (RAP) model. In this model, the Hamiltonian for was considered 
in the form 
^ . (2.105)  
where V(r) is one of several phenomenological potentials which can be de­
rived from scattering experiments (48). Usually, due to the complexity 
of the calculation, only static properties of the nucleus (such as the bind­
ing energy and rms radius of the ground state configuration) are computed. 
The numerical results of this model vary slightly depending upon which phe-
M ^ — ^ ?»• «««..— J 1 ^ C A. I- y— I  tw I  wy 1 wQ I  pw CCI i  c I  a I  1 o u3cu 1 iwwcv c i  ,  t ica l iy  a l l  Oi cue 
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calculations predict too small of a bihding energy and too large of a rms 
for the ground state configuration. As one would expect, they are consis­
tent in describing the ground state as a triangular structure much l ike that 
of the CAP model. In one recent paper, the elastic scattering cross section 
curve of the RAP model was plotted (as shown by the dashed curve of Figure 
2.7) and found to be in poor agreement with experiment (51By noting the 
position of the minimum in this curve at q^=2.1 fm ^, one can compute the 
separation distance between adjacent alpha particles to be 3.8 fm. This is 
considerably larger than the value of d=3.0 fm predicted earlier by the CAP 
model. In l ieu of such discrepancies between experiment and theory, we are 
forced to conclude that a stronger*/-^ force is needed in ^^C to pull the 
three alpha particles together. Further evidence supporting this i l lation 
can be found in a very recent paper (54), where the author attached a multi­
plicative strength parameter, % , to the nuclear part of the phenomenologî-
cal oC-of potential, and found that the correct binding energy was obtained 
with %=1.4. 
12 One major variance between the CAP and RAP models for C arises in 
their respective descriptions of the first excited 0^ state at 7.66 MeV. 
The CAP model depicts this state as the "breathing" vibration, (denoted by 
in Table 2.9). On the other hand, the RAP model characterizes the state 
as being primarily a l inear structure of three particles. Since the effec­
tive potential for ^^C is closer to that of the RAP model, the latter 
description is probably the more factual of the two. Therefore, we should 
not put too much emphasis on the rotational states that are assumed in the 
CAP model to be built on normal vibrations, since in reality they may be 
built on different déstructures. 
4. ^^0 - spherical or deformed? 
Three years after Wheeler's original work, a molecular physicist by the 
name of Dennison further developed the tetrahedron model for ^^0 and found 
that the theoretical levels were consistent with the two experimental levels 
known at that time (19). Then in 1954, he re-examined the model and found 
very good agreement between the experimental and theoretical levels (19). 
Figure 2.7c shows his comparison for all states below 10.5 MeV. Dennison 
also succeeded in correlating most of the eleven additional experimental 
states observed at that time between 10.5 and 13-3 MeV. However, any agree­
ment between theory and experiment in this region must be considered as co­
incidental, since the observance of isotopic spin T=1 states in this energy 
region indicate the presence of single particle states. 
The CAP model has also been shown to explain the two diffraction minima 
in the observed electron scattering cross section in a very simple way (36). 
Using Equation 2.56 along with the tetrahedral structure sketched in Figure 
12 2.7c, one obtains the same equation as was found for C, namely 
.  (2.106) 
where F]^(q) is the experimental form factor of the alpha particle and R is 
now the radial distance of each alpha cluster from the center of mass of the 
tetrahedron. Figure 2.9 shows the most recent comparison that has been made 
with experiment. It should be noted that the height of the second maximum 
In the cross section could be better predicted if a slight variation were 
allowed in rms radius of the alpha particles. By observing that the first 
diffraction minimum occurs at 1.52 fm we can easily compute the radial 
distance to be R=2.06 fm which corresponds to a separation distance between 
alpha particles of d=3.36 fm. 
The radial distance can also be computed from the rotational parameter 
Ap Using arguments much l ike those of Equation 2.77, we can compute the 
radial distance to be R=1.0 fm. Since we have considered the tetrahedrçn to 
be a rigid rotor, this value should again be taken as a lower l imit. Final­
ly, we can also calculate the radial distance from the observed octupole 
transition of the 3 (6.13 MeV) state, which in the CAP model is a rotational 
state with the wavefunction 
"Jj } ' (2.107) 
The observed reduced transition matrix element is (44) 
B  3 ' j  =  2 . I O  ±  S 2 .  . (2.108) 
12 Following the procedure used for C, these last equations can be shown to 
predict a radial distance of R=2.0±0.1 fm which is disappointingly close to 
the value obtained from the elastic electron scattering data. One would 
have expected the value to be somewhat larger because of centripetal distor­
tion. 
The CAP model runs into additional difficulties when other reduced 
transitions are calculated. The main discrepancy arises in calculating the 
monopole transition of the 0*C6.06 MeV) state. In the CAP model, this state 
is considered to be the dilational vibration and Kameny (20) found that the 
calculated transition matrix was four times larger than experiment. Noble 
reconsidered the problem in a somewhat different manner, but found essen­
tially the same result (55). In fact, other authors have found that all 
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pure collective models which treat this state as a dilational mode of the 
entire nucleus will necessarily produce too large a matrix element by a fac­
tor of three or four (56,57). Another transition which most l ikely cannot 
be explained by the CAP model is the enhanced E2 transition between the 
2^X6.92 MeV) and the 0'^(6.06 MeV) which has a Weisskopf transition strength 
of |Mj^ ^ =17.2±3.7 (44). In addition, there is now good reason to believe 
that the 0^, 2*, and 4^ states at 6.06, 6.92, and 10.36 MeV may be members 
of a deformed rotation band since enhanced E2 transitions have observed be­
tween these three states (58,59). The CAP model assumes these three states 
belong to rotational states of three different vibrational modes and there­
fore could not account for the large values observed for such transitions. 
12 
As in C, i t appears that some of the deficiencies of the CAP model 
for ^^0 can be corrected by considering the appropriate RAP model. As far 
as I am aware, only one attempt has been made so far to solve such a 4-body 
problem (60). In solving the problem, the authors used a variational calcu­
lation which necessitated some rather drastic approximations. Nevertheless, 
the results are very interesting and should be stated. The ground state is 
sti l l quite similar to that of the tetrahedron, and the separation distance 
of alpha particles is d=3.4 fm, the same as that found in the CAP model from 
electron scattering data. The excited 0^ state, however, is found in this 
model to be a planar rhomboid, and the calculated monopole matrix element 
between the two 0"*" states is only twice as large gs experiment. It should 
be emphasized that the above results need further study. An alternate meth­
od of solving this problem, which in principle could be carried out exactly, 
is mentioned in Chapter V. 
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5- A critical rev i  ew on the val id i  ty of the CAP model 
in \ f\ 
From the preceding discussion on C and 0, it appears that the CAP 
model is assured of giving a plausible description only to the rotational 
levels assumed built on the zero-point vibrational mode. Therefore, in con­
sidering possible structures for other A=4N nuclei, we should not put too 
much emphasis on the rotational states that are explained in the CAP model 
as being built on normal vibrations, since in reality they may belong to 
different déstructures. This viewpoint is also supported by a recent oC-
cluster calculation which indicates that several oC-structures are in fairly 
close competition for the ground state configuration of ^^0 (59). Even with 
this limitation, it will be shown in the next section that uniqueiXrstruc-
tures can be found for a number of A=4N nuclei in the 2s-1d shell. Further­
more, i t is very probable that the above restriction is too severe, and that 
we should only be careful with our interpretation of states built on the di-
lational vibration. Therefore, in lieu of this latest, somewhat optimistic 
assumption, we shall continue to correlate observed high-lying rotational 
states with those allowed by various normal vibrations of the assumed ^re­
structure, and simply remember that under some circumstances such efforts 
may be purely an academic exercise with l itt le physical meaning. 
One encouraging point of the past review, however, is that the attrac­
tive part of the 0^-^ potential realized in nuclei with three or more alpha 
particles seems to be greater than that of the phenomenological potentials 
determined from Wr# scattering. Even if this strengthening results from the 
exchangê of nucléons among alpha clusters we would sti l l expect the symmetry 
relations of the CAP model to hold. In fact, Herzenberg (61) and Brink (62) 
both have shown that these symmetry conditions sti l l apply for the two 
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types of microscopic cluster models noted earlier in the historical review. 
The main effect of this interchange should therefore be beneficial to the 
CAP model in that i t would add to the total rigidity of the oC-structure. 
H. Results for A=4N Nuclei in the 2S-1D Shell 
1. Previous work 
Unlike the 1p shell nuclei, several reasonable ff-structures are possi­
ble for each A=4N nucleus in the 2s-1d shell. In the early days of the CAP 
model, theorists were not able to select the correct structure from the 
available experimental data, and so they simply assumed that the physical 
structures were those which had the greatest number of bonds among adjacent 
alpha clusters. These configurations turned out to be bipyramids with all 
but two of the alpha particles forming a regular polygon in the equatorial 
plane. The only experimental evidence available for comparison at that time 
was the binding energies of these nuclei, and these quantities agreed quite 
well in theory (4,10). However, quite recent calculations of the electron 
scattering form factors using these bipyramidal shapes have shown that they 
are in rather poor agreement with experiment (34,35)- Furthermore, nonbi-
pyramidal shapes have been shown to yield better agreement with the observed 
energy levels (23,24). Since the time of these calculations, much addition­
al experimental Information has been obtained; so i t was felt that all pos­
sible configurations for the 4N nuclei in the 2s-1d shell should be recon­
sidered. The rest of this section presents the results of such research. 
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2. Determining quadrupole shapes from experimental data 
All of the configurations considered in this section will be either 
symmetric or slightly asymmetric tops. With this assumption one can readily 
find the approximate quadrupole shapes of some of the nuclei under consider­
ation by relating the intrinsic quadrupole montent to the two different 
experimental reduced matrix elements shown in the second and third columns 
of Table 2.10. The f irst matrix element,  ^ 2 j| E (2)//2^, is found from the 
measured static quadrupole moment by means of Equation 2.85 while the other, 
^ 2//E (2)//0^ , is computed directly from the experimental reduced transi­
tion probability through Equation 2.62. The necessary theoretical relation­
ship that one needs to calculate follows from Equation 2.68 and noting 
that the levels involved belong to the ground state band so that 
^NK~^KO" result is then simply 
=  ^  L '  Z  L - )  .  ( 2 . 1 0 9 )  / L' £ L - )  
\ o o o J 
From Equations 2.85 and 2.109, one finds the following simple relation be­
tween and 
=  - y  ^ 2 0  •  ( 2 . 1 1 0 )  
The experimental ratio B(E2, 4'^2'^)/B(E2, 2'^0'*') is shown in column six. 
Discrepancies between these values and the theoretical ratio of 10/7 (for 
the symmetric top) indicate that collective vibrations or single particle 
effects are of some importance in these lowrlying states and help explain 
the slightly different answers obtained in columns four and five. Never-
*?f\ 0 L , 7 9 .  thcicss, L'lic rebutls definitely show that " Ne, - 'Hg, and •'"$ are highly 
Table 2.10. Values for the intrinsic quadrupole moment of various nuclei as calculated from two 
different experimental reduced matrix elements. 
Nucleus 
20 Ne 
2'+ 
Mg 
Z'isi 
32. 
Experimental Reduced 
Matrix Elements (e fm^) 
<2||E(2)||2) ;<0||E (2)^2)1 
-32 + 4' 
-33 + 5 c, d 
19.7 + 1.0^ 
24.6 + 2. 7® 
+21 + + 0.5^ 
-26 + 8^ 14.6 + 0.9® 
Corresponding Intrinsic Quadrupole 
2 Moments - Q.20 (fni ) 
fProm Column 2) (From Column 3) 
Experimental 
B(E2. 4+ -2+) 
B(E2, 2"^ -  0^) 
+84+11 
+87 + 12 
-54 + 14 
+ 70 + 21 
+ 6 2 . 5  + 3 . 2  
+  7 8 .  0 + 8 . 6  
+ 6 0 . 6  +  1 . 6  
+46.3 + 2.6 
0 . 8  +  0 . 2  
0,7 + 0.3^ 
0.9 + 0.3^ 
2 . 6  +  0 . 7 '  
^Nakai e^ ±1'^ Nucl. Phys. A150, 114 (1970), (63)  
^Anderson and Ritter, Nucl. Phys. Al28, 305 (1969)» (64) 
^Hausser £t ^ Phys. Rev. Letters 22, 359 (1969). (65) 
^Bamberger £t Phys. Rev. Letters 21, 1599 (1968). (66) 
®Endt and Van der Leun, Nucl. Phys. 105, 1 096?) . (67)  
^Nakai £t al_., Phys. Rev. Letters 2^ 903 (1970). (68) 
^Pel te £t  ,  Phys.  Let ters 29B, 660 (I969) .  (69)  
^Hausser e^ al., Phys. Rev. Letters 23, 320 (1969)° (70) 
'Garvey et al., Phys. Letters 29B, I08 (I969) .  (70 
prolate while Si is oblate. This information is of great help in formu­
lating structures for these nuclei. 
3. Is ^^Ne an internal rotor? 
The experimental spectrum of ^^Ne shows a definite K^=2 band beginning 
at 4.97 MeV. As has been noted previously (24), the only rigid^-structure 
that can predict this band is the distorted tetrahedron (Figure 2.10a). 
But in this model, the upper and lower dumbbell structures are separated by 
a relatively large distance, so they can rotate about the z axis in opposite 
directions. The amount of such motion would depend upon the height and 
width of the potential barrier opposing free internal rotation. So, besides 
reviewing the results of the distorted tetrahedron, we will account for 
this "tunneling" effect (19,27) by considering the more realistic nonrigid 
20 
structure of Figure 2.10b. The most popular %-structure for Ne has been 
the trigonal bipyramid (22,27,34,59,62) of Figure 2.10c. Since this 
structure incorrectly predicts a low-lying K =3" band (c.f. Table 2.1), i t 
will not be considered further. 
Figure 2.11 compares the predicted levels of the distorted tetra­
hedron with experiment. Since this structure is that of a symmetric top, 
the exact formulae for the rotational energies may be taken from Equation 
2.6. The symmetries of the nine intrinsic normal vibrations are given in 
Table 2.11 along with the calculated energies and rotational parameters for 
the vibrations believed to be observed in the experimental spectrum. In 
some cases, only a lower l imit is given for A^. The parameter A^ must be at 
least this large in order to push certain theoretical levels that are not 
 ^ M  ^mm  ^ 1 1 * «m  ^  ^ * #m. 4  ^ à J M % # 
o /Npol  t i i icu LOI* y wuso I  vcu auu vc i  w r ic  w •  
(a) Dgd DISTORTED 
TETRAHEDRON 
(b) D2d INTERNAL 
ROTATOR 
O 
(c )  D^h TRIGONAL 
BIPYRAMID 
Figure 2.10. Three of the most plausible configurations for ^®Ne. 
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Figure 2.11. Comparison of the experimental levels of with the theo­
retical levels predicted by the 02^ structure. The levels 
built on the zero-point vibrational mode can be better pre­
dicted If different values of are assigned for the K=0 and 
K=2 bands. Note that the scale is changed at 7 MeV for clar­
ity. 
20 Table 2.11. Possible normal vibrations for the D2d distorted tetrahedron structure of Ne. The 
symmetry of the double vibration is found by taking the direct product . 
Frequency - w, o/g u/y u/g ~ 2a/^ 
Representation ^1 ®1 ^ E 8% 
Observed Energy 
of Excitation 0 6 . 7  7.2 - 5-5 8.4 ~9.0 - %8.5 
(KeV) 
A = A_ 0.20 0. 12 0.11 - 0.15 0.17 - - 0.07 
— I — i. 
RotatlonaI 
Parameters 
(MeV) 1.0 >0.76 >0.64 - 0.93 ^0.32 
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Nearly all levels below 10 MeV are well explained as rotational states 
built on the allowed normal vibrations. The explicit bands have long 
been known; indeed, our level assignments are similar to those arising from 
other collective models (72,73). The third K=0^ band beginning at approxi­
mately 8.7 MeV is built on a double vibration of This interpretation is 
supported by the high reduced alpha widths (cfl300 KeV) observed for levels 
of this band (72). The excitation energy of this of this vibration should 
be somewhat less than because of enharmonic terms in the potential. 
The lowest levels observed but not predicted are 1 and 3 levels around 9 
MeV. These levels might be accounted for if we assume that they belonged to 
the doubly degenerate E vibrational mode. But one would then have several 
other states in this region which are apparently not observed. Naturally, 
the 2^;T=1 level at 10.27 MeV cannot be explained since the CAP model pre­
dicts only states with isotopic spin zero. 
Besides the two doubly-degenerate E vibrations, the only normal mode 
not observed is the B^ "twisting" vibration which describes the possible os­
cil lation of the two dumbbells about the z axis. This mode is denoted or in 
Table 2.11, and is characterized by a low-lying rotational spectrum of 
L^=Oq, 2q, 4g, . One can understand why this vibration is not observed 
by considering the hindered internal rotor of Figure 2.10b. If no potential 
barrier exists between the two dumbbells, the rotational Hamiltonian and 
wavefunctlon can be written as (17, pp. 491-500; 74, pp. 300-335) 
H ^ =  / I ,  i L ( L i - i ) - k ^ ]  - i - 2  2  ( 2 . 1 1 1 )  
and 
< 'Y V, X: I L xij ^ CvS) e '. /*! A I/ . 11/; 
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In these equations, and are the angular momenta of each dumbbell about 
the body-fixed z axis, while the ZA^ of Equation 2.111 comes from the fact 
that the moment of inertia about the z axis of each dumbbell is half that of 
the total structure. By defining 
1= Vk -
a 2 
<y= 
(2.113) 
one can rewrite Equations 2.111 and 2.112 as 
,2 
=  4 /  L ( L + / )  +  K  ^ ^ 3  )  f  4 - / ) ^  ( 2 . 1 1 4 )  
and 
c;^  0^ } j8jTi';rit i^ j c//', (2.115) 
where denotes the internal angle between the two dumbbells. The four an­
gles y, y, , are defined in Figure 2.12. If the internal wavefunctions 
are to be single-valued, m^ and must be integers. From Equation 2.113, 
we find that K must then be integral and c/half-integral. A further l imita­
tion on the quantum numbers arises from Bose-Einstein statistics, since the 
wavefunction of Equation 2.112 must now be invariant under and 
y T h i s  a d d i t i o n a l  r e s t r i c t i o n  f o r c e s  m ^  a n d  m ^  t o  t a k e  o n  e v e n  i n ­
tegers or equivalently K to be even and c/ to be integral. 
In analogy to molecular calculations, we now introduce a suitable in­
teraction between the two dumbbells and rewrite Equation 2.114 as 
f l, LCL^O •+ ^ +Vo cos^ri . (2.116) 
x/ V»2. 
Fiçiure 2.12. Two different views of the D2y internal rotor. (a) Three dimensional view showing the 
four internal angles. The axes are labeled consistent with Figure 2.1. The alpha par 
t ides are numbered so that various permutation operations can be performed on the sys 
tem. (b) Planar view of the same configuration looking down from the positive Z axis 
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The last term has minima atY^=i90° and represents the potential barrier that 
each dumbbell must tunnel through in order for the structure to go from a 
right- to a left-handed system, and is shown in Figure 2.13. The wavefunc-
tions are now of the form 
.  ( 2 . 1 1 7 )  
The M^(i|)'s are related to Mathieu functions (74; p. 319) with the following 
1imiting properties, 
L f r r ,  Q o s C c ^ n . ^  ;  s i v C c / r i )  
Vo-fO 
(2.118) 
L I Ml /Mc ()%) Hy) , 
where represents the "twisting" mode previously considered. The general 
shapes of the four lowest internal wavefunctions of interest are also drawn 
schematically in Figure 2.13. 
The energy levels caused from the internal rotation can be readily 
found by diagonalizing the last two terms of Equation 2.116 among the free 
rotor wavefunctions of Equation 2.115- Instead of using the basis functions 
^(y=0, ±1, ±2, —J , we shall work with the alternate complete set, 
[ /ï^ j cosCa'>xj; c/= (2.119) 
and 
[  Jt J C/'' /;,2; 3^ - "  J , (2.120) 
since the matrix Hamiltonian will then conveniently separate into smaller 
spaces. This fact arises because the kinetic and potential terms of the in­
terna» rotation. 
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-180® -90® 0 90® 180® 
INTERNAL ANGLE (77) 
Figure 2.13. The shaded area represents the internal potential V^VgCos^^y 
Also shown are schematics of the first four internal wavefunc-
t ions . 
Table 2.12. The character table for the internal eigenfunctions of 
the potential plotted in Figure 2.12. 
IR 
n->n 
yi->-A Y)^-*ir+yi 71^ IT->2 Basis function 
^1 1 1 1 1 Mi(n) 
^2 1 -1 -1 1 M2(n) 
^3 1 1 -1 -1 MjCn) 
1 -1 1 -1 
and 
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T = -4-/)= (2.121) 
V = V^, cos^ , (2.122) 
are symmetric in the transformation and so matrix elements of the form 
<^cos(c/1^)1 T+vjs i n a r e  i d e n t i c a l l y  z e r o .  T h e  r e l e v a n t  m a t r i x  e l e m e n t s  
in the matrix Hamiltonian can be shown to be 
s  i '  y }  / T j s  l y j  ^  ^  ^ o ' o '  2. °'(y ' ' 
( 2 . 1 2 3 )  
±- < s;77 C&'fi) Ivj siri (0"»^))= - h  
for the odd basis functions, and the following six for the even functions: 
^ = o 
^ < i ) T | c o s C a ' > ^ ) >  =  0  
c o s  r /  c o - s  
6 
( 2 . 1 2 4 )  
-L. 4^  I j \/1 CO s a^',2 
y?7r  ^ ' / 4 
From the explicit form of these elements, i t is evident that additional sym­
metry is present in the Hamiltonian since all matrix elements between an 
even and an odd value of cr^ are zero. This additional symmetry is, in fact, 
the invariance of the Hamiltonian under and The basis func­
tions //i^(^) then generate :R's of a yi wup isomoi yiiic lu as shown in 
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Table 2.12. Carrying out the diagonalization, one finds that the energy 
levels of the Kami 1 tonian in Equation 2.116 can be written as 
= / 9 , ,  . ( 2 . 1 2 5 )  
where the last term is plotted in Figure 2.14. Notice that only certain K 
bands can be built on each level. This restriction again .arises from fur­
ther application of Bose-Einstein statistics. From Figure 2.12, we see that 
the Dgj symmetry no longer is present, but a group isomorphic to ele­
ments exists; these elements can best be characterized by examining the way 
they permute the five particles of the rotor. For the time being we repre­
sent the basis functions of this group as 
^ («r, ,6J Vj = 1:!M^C^) . (2.126) 
The eight permutation operations then act on this bases function as 
( / 2 ) ( 3  Y i - i r . r i )  
( ; 3  ) ( 2  4 )  C O  'PC'^3.8 ^ + 
(2.127) 
C O C 2 K - 3 f  
By careful examination of these eight operations on the basis function of 
Equation 2.126, we find that wavefunctions symmetric under all eight opera­
tions are limited to those with K^bands, given in Figure 2.l4. The parity 
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40 
36 
32 
28 
24 
20 
<0 
10-1=1 
30 20 10 
Vo/As 
Figure 2.14. The part of the energy that depends on the internal rota­
tion, £*, is plotted as a function of Vg/Aj. The correla­
tion between torsional oscillation and free rotation is ex­
plicitly shown. The quantities and VQ can be uniquely 
determined from the experimental positions of the first two 
K=2 bands. Bose statistics allow only certain K^bands to 
be built on each level. 
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of the wavefunction can now be carried out in a physical manner since the 
inversion operation is now equivalent to followed by an internal rota­
tion. One can then show that 
r  f  .  (2.128) 
From Figure 2.14, i t is also evident that for large V^/Ag, the rotational 
approach those of the rotor. The lower two internal levels degenerate 
•if- . 
into the zero-point vibrational mode with allowed K bands of 0 (L even), 
2 , 4^, 6 , ••• , and the next two will eventually degenerate into a one 
phonon mode of the twisting vibration with allowed bands of K =0~(L even), 
2^, 4 , 6^, ••• . (See Table 2.1). Therefore, the parity of the rotor 
wavefunction found physically by allowing for the tunneling procedure again 
corresponds to the results obtained from the mathematical formalism of Sec­
tion C. 
By carefully examining Figure 2.14, we find that the inclusion of in­
ternal rotation thus alters only the bands of pulling the K'^2^ band 
far below the 0 band for reasonable values of Vq. The value of Vq could be 
estimated from the experimental separation energy of the K=2~ and K=2'' ' bands. 
Since no L=3* states are observed under 10 MeV, the K=2^ band cannot start 
lower than the L=2* state at 9.5 MeV (c.f. Figure 2.11), and this fact im­
plies a separation energy of at least 4.5 MeV. By careful examination of 
Figure 2.14, we can then conclude that VQ>10 MeV and 0.7 MeV<A^<l .0 MeV. 
i t should be noted that only two or three of the twenty states observed at 
present below 10 MeV are of unnatural parity. Thus i t is conceivable that 
an L=3^ state at approximately 8 MeV may be unobserved. If this were true, 
it would definitely lower our value for VQ. 
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Unfortunately, no detailed electron scattering experiments have been 
20 performed for Ne. Such experiments would help determine the exact charge 
shape of the nucleus. For the configuration, simple forms for the form 
factors (denoted F^^) may be found from Equations 2.56 and 2.58, and Figure 
2.10a. These expressions for scattering to the lowest three levels are 
and 
These same equations also hold for the hindered internal rotor of Figure 
28 2.10b. In analogy with Si, for which the form factors have been measured, 
we expect the four outer alpha clusters to increase the radius of the inner 
one slightly, if this effect is included in our calculations, only the 
elastic form factor is changed, becoming 
± f 4 e ^  ^ , (2.130) 
where a^ is the rms radius of the center alpha particle. The theoretical 
absolute squares of the form factors are plotted in Figure 2.15. From re-
28 
suits on Si (which will be considered shortly), we choose , a^, and a to 
be 2.65, 1.9, and 1.7 fm respectively for elastic scattering; but expect 
to increase to 3.0 fm for inelastic scattering because of centripetal dis­
tortion. We assume a reasonable value for 8 of 30°. Of particular interest 
is the form factor for the 4^ level which is very sensitive to the choice of 
Q. indeed, the theoretical cross section jF^gj^ increases by a factor of 
(b) (a )  
1 0 '  
-3 
s-4 
2.0 1.0 2.0 
Figiire 2.15. Theoretical cross sections for ^®Ne: (a) elastic scattering form factors, (b) In­
elastic scattering form factors for the 2+(1.63 MeV) and the 4+(4.25 MeV) states. 
Solid 1ine represents ao=l.9 fm, a=1.7 fm, and R^=2.65 fm. From similar calcula­
tions on '^°Si, we expect centripetal distortion to alter the parameters somewhat 
for the excited states. The dashed l ine represents the same parameters except 
Rl=3.0 fm and should give a better f it to the L^=2+ state. In Figure 2.15b, 0 Is 
taken to be 30°. 
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10^ if ô is changed by ±5°^since P^fcos#) goes through one of its zeros at 
=30.6°J. With R^=2.65 fm and 0=30°, the intrinsic electric moments are 
calculated to be and j = Ie^_J =Mk.2 fm^. With^=25°, the 
results change to Q2Q=81.9 fm^ and l^^2l ~ j^S-zlThe quadrupole 
moments compare favorably with Table 2.10. 
Table 2.13 compares experimental transitions of low-lying states with 
those predicted by the structure. The values for the two parameters are 
taken to be and - fm^ which are fairly close 
to those indicated in the previous paragraph. 
24 4. Mg and the asymmetric rotor 
24 The «^-structure usually assumed for Mg is the square bipyramid 
shown in Figure 2.l6a. All low-lying levels can be accounted for if one as­
sumes the K^=2^ band beginning at 4.23 MeV is built on a normal vibration 
belonging to the IR of (c.f. Table 2.1). However, a low-lying K^O* 
band is predicted but not observed at around 4 MeV (22). Also, this config­
uration gives a poor f it to the electron scattering data and predicts a neg­
ative intrinsic quadrupole moment (35) contrary to the results given in 
Table 2.10. 
Reviewing the other possible configurations, we find that a structure 
with symmetry, which has not been considered before, will also account 
for the same energy levels, and further with one less parameter. Also, the 
K^=2^ band is not then built on a vibration, and one can give explicit ex­
pressions for the electron scattering form factors of these states as was 
not done in the case. There are two possible nonplanar structures with 
this symmetry (Figure 2.l6b,c). Although both structures predict the same 
20 Table 2.13. Comparison of theoretical and experimental values for certain transitions in Ne. The 
values for the two parameters are lQ2o)=58.3 fm^ and |e^2I~27.3 fnr. 
Initial State 
fL' - HeV) 
Final 
(L'' • 
1 State 
• MtV) 
Type of 
Transi tion 
TRANSITION RATE g 
fin terms of Weisskopf units -|M | 
Experiment Theory 
2^ - 1.63 0* - 0-0 E2 24.2 + 2.5 ® 21.0 
ti* - 4.25 2^ - 1.63 E2 16.2 + 2.8* 30.0 
6"^ - 8.79 4+ _ 4.25 E2 2 8 . 0 + 6 . 0 *  33.0 
8* - 11.99 6^ - 8.79 E2 - 34.6 
2" - 4.97 0^ - 0.0 M2 0.00 2'' 0.0 
2+ - 1.63 El 0.0 
M2 0.017 ' ' 0.0 
b 
E3 12.5 
3" - 5.63 0* - 0.0 E3 5.0 
2* - 1.63 EI 4.7iô3g K 10-6 0.0 
M2 - 0.0 
E3 < 3 . 0 ^  0.0 
4' - 7.02 2+ - 1.63 M2 <0.14*' 0.0 
E3 <6.0^ 6.7 
®Makai et Nucl. Phys. AI50, 114 (1970).(63) 
' 'Broude et al_., Can. J. Phys. 3837 (1967)«(75) 
^Evans et alCan. J. Phys. 43' (1967).(76) 
r 
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(c) Dgh BITETRAHEDRON 
Figure 2.16. Some of the possible structures for ^^Mg, along with the parameters that can be varied 
to f it experimental data. 
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energy spectrum, the b|tetrahedron (Figure 2.l6c) is found to be in better 
agreement with the experimental electron scattering form factors and so 
should be the correct structure. Other possible configurations have been 
eliminated previously (24). The calculation of the energy levels for this 
structure is l ike that for the asymmetric rotor of Davydov and Fill ipov in 
(41, pp. 292-301), since both models have the same spatial symmetry (D^^). 
In fact, the existence of this particular (%-structure might explain why the 
24  20  28  
asymmetric rotor works well in Mg, but not for Ne or Si. 
Table 2.1 l ists the rotational quantum numbers for each IR of 
Since a structure constitutes an asymmetric rotor, the energies must be 
found by diagonalizing the Hamiltonian in Equation 2.11 among all rotational 
wavefunctions of the same L and same 02^ symmetry. For the pure rotational 
spectrum, it proved more convenient to vary three new parameters uniquely 
determined by the Aj. These parameters are the rotational energies of the 
first two L=2* states (denoted E2 and ) and a parameter f which deter­
mines the wavefunctions of these two states in the form 
=/~7'[cos Y ^ 
^ ^ (2.131) 
I  ^ - - 5 / 7 7  y  ^  
The dependence of these three parameters on the rotational parameters, A_, 
can be found by constructing the 2x2 energy matrix for the L=2* levels and 
solving for the eigenvalues analytically. The resultant three relations can 
most easily be expressed as 
C Eg 
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=  i  ( 2  , 2 2 )  
y^C/42-/9/) = ^ 5/7) (ay) 
Figure 2.17 is a graph of the rotational energies built on the zero-point 
vibrational state. Both and E^/ are fixed by experiment, and Y is al­
lowed to vary between ±90°. The periodicity of the levels in JT shows that 
these energies are symmetric under the six permutations of the Aj. Only 
those experimental levels of Mg associated with the zero-point vibrational 
mode are shown. Good results are obtained only for the redundant values 
ï-0°, ±60°; consequently ^'^Mg is very nearly a prolate symmetric top as as­
sumed in Table 2.10. Figure 2.16c is drawn with ^° l imit the 
asymmetry parameter to |y|<10°. 
The rotation-vibration interactions were found to affect the energy 
levels just enough to make i t virtually impossible to determine y more ac­
curately than already given. Thus, for simplicity, we set ^=0° and calcu-
2k late the energy levels of Mg using the symmetric top formula of Equation 
2.6. Figure 2.18 shows the best correlation of theoretical levels with ex­
periment. The experimental levels are taken from References (67) and (77). 
The twelve possible normal vibrations allowed by the structure are given in 
Table 2.l4. Again, the lower l imits assigned to some of the rotational 
parameters cause the pertinent excited states to l ie above 10 MeV. An ex­
citation of a normal vibration may cause the rotor to become highly asym­
metric, making the band structure of the states between 7 and 10 MeV less 
20 
apparent than in Ne. The only observed state below 9 MeV that is uncor-
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X (DEGREES) 
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Figure 2.17. Variation of theoretical energy levels of the asymmetric rotor 
as a function of the asymmetry parameter IT. Note that good 
agreement with the experimental spectrum is obtained only for 
U-0°, ±60°. Inclusion of centripetal distortion would lower 
theoretical levels of high spin, and would give even better 
agreement with experiment. 
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Figure 2.18. Comparison of experimental levels of Mg with the theoretical 
levels predicted from the D2|^ bi tetrahedron. The energy scale 
is again changed at 7 MeV. The bitetrahedron can also be 
viewed as a Dgu rectangular bipyramid with the rectangle in 
the plane of tne paper. 
7.U Table 2.14. Possible normal vibrations for the bitetrahedron structure of ^^Mg. 
Frequency 
"'l ""3 % "5 "^6 "^7 "8 "9 •"lO "-Il ^12 
1rreduci ble 
Representation % A 9 ^ ^ "u »19 «lu B,u »2g «2U =2u »3g «3U 
Observed Energy 
of Excitation 
(MeV) 
0. 0 6 . 5  - - - 7.6 7.3 8.2 ~9.2 %8.6 - -
CN
I <
1 I I <
1 
0.18 0.10 — — — 0.10 0.10 0.10 %0.10 %0.1 0 — — -
Rotational 
parameters 
(M-îV) -3 0.90 0.55 — — — >0.55 >0.63 >0.40 %0.50 %0. 50 - - -
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From Equations 2.68 and 2.131, we can relate the intrinsic electric 
quadrupole moments to certain observed quantities. The pertinent equations 
are 
yrQaa s;/7 2y-Q2o C05 -  8 7 J . I Z  , 
0^2 S/>? JT + Q^o COS y = 2 J-^ '<Co*//~ ^ 78 ±. ? , 
yr + =|ryïïF<2^//£C2:>//2"'> = ^ /9i 3 (2.133) 
jj; q^2 cof y -c?2o <0*11 ea) 112'*^ = ±. isrj.3 , 
and 
^ Z Z .  ^  -  Q 2 0  s ' l r j l f  =  ~  J z i r  < C . 3 ' ' ' I l  2 . ' ' ' }  =  ± . Z 3 _ ^  S r > }  ,  
where the experimental values are taken from Table 2.10 and Reference (78). 
A careful examination of these equations together with /y/<10° shows that 
QeO = + 7S ± /o Jp rr?^ , 
and (2.134) 
IS- . 
The only magnetic transition that has been measured among the states of the 
ground state rotational band of is an Ml transition between the 2*(4.23 
MeV) and 2^(1.37 MeV) states. Its value in terms of Wbisskopf units is (78) 
6 J O ~  ^  , (2.135) 
' 'w.u. -4 
which is in good agreement with the zero-value predicted by all collective 
model s. 
With y=0°, the electron scattering form factors for ^^Mg are found from 
[quations 2.56, 2.58, and Figure 2.1dc. These equations are 
S 3  
^oo = T ^ I ^ ^ ^2)J , 
^20 = ^  ^  [-^2 Cg/)J f (cos e) ^ '2 C?^2)J , 
''^ fo = f 8^ 3(4 ^(cos 0} , 
z^z "" :l^  F^  l-j,zC<^  R,') - 2. Siv^  9 ^2 Q ^ , (2.136) 
fâl - o . 
and 
+2 5/77^6) (7co5^g-/;;(f(:g/^^ , 
where R^, R2, and & are defined in Figure 2.16c. 
We f irst vary R^, R^, and a to agree with the elastic scattering data. 
The best f it is R^=1.7 fm, R2=2.7 fm, and a=l.9 fm as shown in Figure 2.19a. 
These parameters are identical to the previous ones (35) since the two 
structures have the same theoretical elastic form factor. Other sets of 
parameters were also found which gave nearly as good results. We now vary Ô 
to f it the inelastic curve for the 2* state at 1.37 MeV. The best value is 
0=30° which yields the solid l ine in Figure 2.19b. Theoretical curves for 
the cross sections of the two higher states (solid lines in Figures 2.19c 
and 2.19d) are not entirely reproduced by this set of parameters. Unfortu­
nately, the 4"*"(4.12 MeV) and 2*^(4.23 MeV) states appear as an experimental 
unresolved doublet, so the theoretical cross sections of these two levels 
must be added. As expected, scattering to the 3^ state at 5.22 MeV was not 
experimental1y observed. 
The results can be improved somewhat i f we also vary the asymmetry pa­
rameter V . Since we now have an asymmetric rotor, the cross sections cannot 
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0.0 1.0 0.0 1.0 
RECOIL MOMENTUM qCfm"') 
Figure 2.19. Experimental and theoretical form factors for the D2|.^ bitetra­
hedron of 2^Mg; Ca) elastic scattering form factor; (b), (c), 
Cd) various Inelastic scattering form factors. Centripetal 
distortion, which has the effect of compressing the theoreti­
cal curves towards the ordinate axis (as shown in Figures 2.15 
and 2.22), was not considered because of the number of param­
eters already used. Inclusion of this effect would definite­
ly give better results for Figures 2.19c and 2.19d. 
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be found in simple forms, but are sti l l computed from Equations 2.56 and 
2.58. Here is where we make use of the fact that the a{|j|^ depend upon only 
one parameter, which in this case is Like 8, this parameter has no ef­
fect on the elastic scattering cross section of Figure 2.19a- The dashed 
l ines in Figures 2.19c and 2.19d represent the same parameters as before, 
except that the asymmetry parameter is now ^=+10°. The form factor for the 
2^(1.37 MeV) level is only slightly altered by this change in ^ and is not 
shown in Figure 2.19b. Since , R^, 0, and Y have now been determined, we 
can calculate the intrinsic quadrupole moments, which are fm^ and 
Q22=~3-7 fm^, close to the values given in Equation 2.134. Reasonable val­
ues of the five parameters (R^, R^, a, Ô, and y) have thus led to four good 
cross-section curves. In addition, these same parameters correctly predict 
several reduced matrix elements. 
oQ 
5 .  An oblate structure for Si 
Looking at the experimental spectrum (67,79) of Si (Figure 2.20), we 
find that the lowest three levels indicate some form of collective rotation. 
However, these levels do not follow the L(L+l) rule as well as the corres­
ponding levels in ^®Ne and ^^Mg. There also appear to be K=3^ and K=3 
bands starting at 6.27 and 6.88 MeV respectively. The D bitetrahedron 
3d 
(Figure 2.21a), which was considered to be the best structure in a previous 
paper (23), can account for both bands if one allows for the possibility of 
internal rotation between the two triangular clusters. The calculations are 
very similar to those already done for the hindered rotor in ^^Ne, the 
small energy separation between the two K="3 bands implying that this struc­
ture has nearly free internal rotation. The symmetry group that arises is 
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Figure 2,20. Comparison of the experimental levels of Si with the theoret­
ical levels predicted from the oblate structure. The ener­
gy scale Is again changed at 7 MeV. 
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(a) D3d 
BITETRAHEDRON 
(b) Djd OBLATE 
STRUCTURE 
( C )  D j h  O B L A T E  
STRUCTURE 
( d )  D g h  P E N T A G O N A L  
BIPYRAMID 
Figure 2.21. Some of the possible configurations for 28 Si 
unlike the ^^Ne case (c.f. Table 2.12) in that i t is not isomorphic to any 
standard point group. Nevertheless, such a f inite group has been developed 
in the literature (80), because many molecules (such as and C^D^) have 
this symmetry. Unfortunately, recent experiments that measure the static 
quadrupole moment of the 2^(1.78 MeV) state show that ^®Si is oblate, a 
fact definitely eliminating Figure 2.21a as a possible structure. An oblate 
TT + 
structure as shown in Figure 2.21b leads to only the K =3 band. Simi-
iP — larly, the oblate D structure of Figure 2.21c predicts only the K =3 
3h 
band. The bipyramid (Figure 2.21d), which is the usual configuration 
oQ "If* + "f" — 
considered for Si, predicts only K =1", 2", or 5 bands in this region 
(c.f. Table 2.1). A planar hexagon with one alpha cluster in the center 
can account for both K=3 bands by assuming they are built on separate normal 
vibrations. However, this structure is unlikely; it leads to a negative in­
trinsic quadrupole moment twice as large as experiment. Other configura­
tions besides those already mentioned were considered in Reference (23) and 
discarded. 
Of the configurations that have the proper quadrupole moment, the one 
that predicts the most low-lying energy levels is the oblate structure 
of Figure 2.21b. The bands allowed for each IR of are given in Table 
2.1, and the possible normal vibrations are l isted in Table 2.15 along with 
values for the excitation energies of observed normal vibrations. Again, in 
order to push certain states above 10 MeV, lower l imits are given to several 
of the rotational parameters. The results are not as good as for the previ­
ous two nuclei. A low-lying iT=2^ state is predicted at approximately 6.2 
MeV which is not observed (Figure 2.20). However, this state would also be 
28 
Table 2.15. Possible normal vibrations for the oblate 0^^ structure of Si. 
Frequency 
"'I 0/2 «'3 "5 "6 "l "'8 ^ '^lO 
Irreducible 
Representation ^9 ^19 ^19 ^1u ^2u ^2u h ^ m
 
c
 m
 
c
 Eu 
Observed Energy 
of Excitation 
(HeV) 
0 5.0 6.7 %7.9 «<8.0 6.7 %8.2 - -
(M <
1 t! <
7
 
0.20 0.20 0.15 - >0# 18 ^0.17 0.12 - 0.12 - -
Relational 
Pcirameters 
(MeV) ^3 0.55 >0.49 ^0.32 0.60 - ~0.6 -
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2h predicted by all other symmetric top configurations. As in Mg, the lowest 
state observed but not predicted is a 3 state at 6.88 MeV. 
The theoretical form factors for the low-lying K^=0^ states of this 
structure are 
Foo = -jr L'+ ^ 
F^icose) . (2.137) 
and 
Comparing these equations with experiments, taken from Reference (35), one 
finds that the elastic scattering form factor can only be well predicted if 
one assumes that the central alpha particle is slightly larger than the 
other six. In this case, only the elastic form factor changes, becoming 
jr L É i., .  (2. 1 3 8 )  
Since these formulae are independent of the azimuthal angle of the alpha 
clusters, they also apply to the oblate structure of Figure 2.21c. 
The experimental elastic scattering curve can now be reproduced very 
well with several different sets of parameters (Figure 2.22a). However, all 
of them predict the parameter BQ to be about 0.2 fm larger than a. The an­
gle 0 can then be varied to f it the 2^(1.78 MeV) curve. The solid l ine in 
Figure 2.22 represents the best f it with 3^=^1.9 fm, a=] .7 fm, R^=2.65 fm, 
and 8=63°. The theoretical form factor for the 2^ state can be improved if 
one allows for centripetal distortion by increasing . This improvement is 
shown in Figure 2.22b by the dashed curve which is drawn for aQ=l.9 fm, 
a=1.7 fm, R^=3.0 fm, and @=64°. Naturally, one expects these new parameters 
I Fol 
(b )  (a )  
,-4 
1.0 
q(fm ')  2.0 2.0 
Figure 2.22. Experimental and theoretical form factors for Si: (a) elastic scattering form factors, 
(b) inelastic scattering form factors for 1.78 MeV 2"^ state ({), and the 4.61 MeV 
state ({). 
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to give a poorer f it for the elastic curve. Using R^=3.0 fm and ^=64°, the 
Intrinsic quadrupole moment is found to be fm^ which compares fa­
vorably with the value obtained from the measured 2"*" static quadrupole mo­
ment of Table 2.10, as well as with the moment determined from various tran­
sitions (Table 2.16). 
A similar calculation (35) of the form factors has been done for Si 
with the pentagonal bipyramid of Figure 2.21d. As in the case, new 
values for the parameters were needed to f it the inelastic scattering curves. 
Although the resultant theoretical curves are equally as good as those given 
in Figure 2.22, the parameters for inelastic scattering needed to be changed 
In the opposite direction from that which one would expect for centripetal 
distortion. Since the structure also predicts most of the observed low-
lying levels, i t should be preferred over the bipyramld. 
6. The inconclusive results of ^^S and ^^Ar 
It is interesting to note that the experimental energy spectra (67,71) 
of both and ^^Ar (Figures 2.23 and 2.24) have O"*", 2^, 4^, and 3 levels 
at approximately twice the energy of the first 2* state In good agreement 
with the collective vibrator model (c.f. Section 11 IB). Moreover, no defi-
iP + 
ni te K bands other than possibly the ground state 0 band are observed in 
either nucleus. Also, from the last column of Table 2.10, It appears that 
the low-lying states of ^^S are not of the same churacter as those of ^®Ne, 
nh oQ 
Mg, and Si. As a consequence, one does not expect the CAP model to work 
as well here as for the nuclei previously considered. 
Most of the possible structures for ^^S appear In Reference (23), where 
i t was concluded that this nucleus most l ikely had or symmetry. 
28 Table 2.16. Comparison of theoretical and experimental values for certain transitions In SI using 
the Djj structure. The single parameter Is taken to be j(i2Q|=50.2 fm^. 
Initial State 
(L^ - MeV) 
Final State 
(l" - MeV) 
Type of 
Trans Ition 
TRANSITION RATE 
(in terms of Weisskopf units -
Experiment Theory 
|M"|) 
7 * - 1.78 0* - 0.0 E2 14.7 ± 1.6® 10.0 
- 4.6l 2^ - 1.78 E2 9.5 + 2.2® 14.3 
6"" - 8.54 4"^ - 4.61 E2 9.4 + 3.0® 15.7 
3* - 6.27 2^ - 1.78 E2 0. 001 ^  0.0 
4^ - 6.89 2*' - 1.78 E2 1.1 + 0.2^ 0.0 
3" - 6.88 O"^ - 0.0 E3 
b 
18.0 + 13.0 -
®Huang and McDaniels, Phys. Rev. C2_, 13^2 (1970). (79) 
^Aleonard et al., Nucl. Phys. A146, 90 (1970). (81) 
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Figure 2,23. Comparison of experimental levels of with theory predicted 
from two different structures. Also shown are the IR's for 
the observed normal modes. The parameters used (in MeV) are; 
(a) Dg, structure: ^1=^2=0.25, A^^û.gO, #<^=3.8, ^^^^^=4.0, 
and^a^o=4.4. (b) structure: A^=A2=0.2O, A^=0.50, A«/^=3.5, 
:^(«^=4.o, and %^=5.4. 
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Figure 2.24. Comparison of experimental levels of with theory predicted 
by two different structures. The IR's for observed normal 
modes are also shown, in both structures, the vibration that 
contains two quanta of occurs at relatively low energy and 
is denoted The parameters used (in MeV) are: (a) 
structure: A^=A2=0.20, A,=0.32, ^=4.0, ^ ^2°^.0, and ;^^^=5.4 
(b) D5J structure: Ai=A2=0.20, A^=0.17, %(^^=4.0, 
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Reviewing the calculations with more recent and extensive experimental data, 
we find that and structures (Figure 2.25) give reasonable f its, with 
a structure not completely ruled out. Results for the and struc 
tures are plotted in Figure 2.23, together with the experimental data. Un­
l ike our calculations for the previous nuclei, the same set of rotational 
parameters is used over all normal vibrations. Again, for both structures, 
the first level observed but not predicted is of spin L=3 at around 5 MeV. 
Structures of higher symmetry (such as the hexagonal bipyramid. Figure 
2.25b, the body-centered planar heptagon, etc,) can account for all low-
lying levels if one introduces five or six normal vibrations. However, 
these structures predict an oblate shape contrary to experiment, and intro­
duce too many parameters to be really meaningful. 
The nucleus Ar is similar to Ne and Si in that it contains an odd 
OA OO 
number of alpha clusters. Since both Ne and Si were found to have an 
alpha particle in the center, one of the most l ikely candidates for ^^Ar is 
the body-centered square antiprism of Figure 2.25c. Another possibility 
is the planar pentagon where four of the alpha clusters form an ^^0 core 
(Figure 2.25d). Both of these structures give fair agreement with experi­
ment as is shown in Figure 2,24. The f irst level observed but not predicted 
is an L=3 level at 4.18 MeV. Again, configurations of higher symmetry can 
account for all levels if enough parameters are introduced, but such agree­
ment is not very satisfying. 
It should be noted that both structures given for ^^Ar have double vi­
brations (denoted Tiu)^ in Figures 2.24a and 2.24b) which occur at relatively 
20 low energy. Unlike the correspondingdouble vibration of Ne, both of 
these modes contain two quanta of a doubly-degenerate vibration. The 
(a) D3h 
CONFIGURATION 
(b) Oeh HEXAGONAL 
BIPYRAMIO 
(C) SQUARE 
ANTI PRISM 
(d) 05h PLANAR 
PENTAGON 
o 
Fi(]ure 2 . 2 5 .  Two possible configurations each for (Figures a and b), and ^^Ar (Tigures c and ti) 
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allowed IR's for these modes are thus found by taking the appropriate sym­
metric direct product (30, pp. 132-134). All antisymmetric wavefunctions of 
the direct product will identically vanish. 
7. The Oh symmetry of ^^Ca 
Unlike all other nuclei considered in this paper, ^^Ca does not have 
L=2^ for its first excited state (c.f. Figure 2.25a). Consequently, ^®Ca 
has no permanent quadrupole deformation in its ground state and the momenta 1 
ell ipsoid of any oC-structure for this nucleus must be that of a spherical 
top (i.e. A^^Ag^A^). The only reasonable configuration satisfying these 
conditions is the structure shown in Figure 2.26b. It consists of six alpha 
clusters arranged in an octahedron outside of four others which form a tet-
rahedral ^^0 core. The similarity of this structure with the corresponding 
shell model description is especially appealing. 
The low-lying excited states of this structure should be very compli­
cated because one now has ten particles to contend with, and also because 
Coriolis forces are known to be extremely important in spherical top config­
urations (19,20). Indeed, there is even reason to believe that some of the 
excited states, such as the first excited 0^, 2^, and 4^ levels, may be 
built on permanently deformed rotational bands. A similar situation was 
shown previously to exist in ^^0. As a f irst approximation, one could as­
sume that the ^^0 core dqes not contribute to the overall rotation of the 
nucleus. The structure would then have symmetry, and the first three 
negative parity states could be qualitatively explained as rotational states 
built on a normal vibration of the F^^ IR, which contains levels of spin 
L =3 , T ' , S", 5', C", ' ' (50, p. 555). Because of the complexity of the 
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Figure  2 .26 .  Some genera l  in format ion  on  ^®Ca.  (a )  Exper imenta l  energy  
l eve l s  o f  ®Ca.  (b )  Most  rea l i s t i c  oC-s tructure  for  Ca i s  
an  oc tahedron outs ide  o f  a  te trahedra l  ^"0  core ,  ( c )  Com­
par i son  o f  exper imenta l  e las t i c  e lec tron  form fac tor  wi th  
that  predic ted  by  the  s tructure  in  (b ) .  
no 
problem,  no  a t tempt  was  made  to  ca lcu late  the  l eve l  spectrum expl ic i t ly ,  
however .  
From recent  exper iments  (82 ,83) ,  the  abso lute  form fac tor  ( {F^gj  )  for  
e las t i c  e lec tron  scat ter ing  on  ^®Ca i s  known very  we l l ,  and  i s  shown as  the  
dot ted  curve  in  F igure  2 .26c .  This  curve  was  obta ined  indirec t ly  in  Refer ­
ences  (82)  and (83)  by  f i r s t  f i t t ing  a  phenomolog ica l  charge  d i s tr ibut ion  o f  
s ix  parameters  to  exper imenta l  d i f ferent ia l  cross - sec t ions ,  us ing  part ia l -
wave  ana lys i s ,  and then  ca lcu lat ing  ]F^^|  by  tak ing  the  Four ier  transform of  
th i s  charge  d i s tr ibut ion .  Because  o f  the  method used ,  no  error  bars  were  
drawn for  th i s  curve ,  but  they  should  be  qu i te  smal l  except  for  poss ib ly  
q>3  fm~^ .  Al l  present  exper iments  g ive  po ints  between  0 -7  fm \  qi3-2  fm ^ .  
The  theoret ica l  form fac tor  i s  obta ined  d irec t ly  from Equat ions  2 .56 ,  
2 .58 ,  and F igure  2 .26b  as  
where  and R^ are  the  radia l  d i s tances  to  the  a lpha  c lus ters  in  the  te tra­
hedron and oc tahedron respect ive ly .  The  bes t  overa l l  f i t  i s  wi th  a=1 .7  fm,  
R^=2.2  fm and R2=3.9  fm.  I f  one  changes  R^ and  R^ to  2 .1  fm and 3 .6  fm,  the  
f i r s t  two maxima are  bet ter  reproduced ,  but  the  f i t  above  2 .0  fm"^ i s  de­
s troyed .  The  agreement  between  theory  and exper iment  i s  a l so  improved  i f  
one  in troduces  a  fourth  parameter  by  a l lowing  the  rms  radi i  o f  the  inner  and 
outer  a lpha  c lus ters  to  d i f fer .  i t  i s  in teres t ing  to  note  that  the  second 
minimum o f  the  theoret ica l  curve  does  not  go  to  zero .  This  fac t  l eads  to  
some in teres t ing  resu l t s  that  wi l l  be  examined  more  c lose ly  in  the  next  sec ­
t ion .  
I l l  
1 .  Mass  Shapes  and Charge  Dis tr ibut ions  
As  a  resu l t  o f  the  ca lcu lat ions  in  the  preceding  sec t ion ,  the  CAP model  
can  now predic t  the  pos i t ion  and rms  radius  o f  each  internal  a lpha  c lus ter  
for  a l l  nuc le i  l i s ted  in  the  f i r s t  co lumn o f  Table  2 .17 .  Thus  i t  i s  poss i ­
b le  to  ca lcu late  c lass ica l ly  the  "r ig id"  moments  o f  inert ia  for  these  nuc le i  
and  compare  them to  the  "ef fec t ive"  moments  that  are  needed  to  reproduce  
the ir  energy  spectra .  Table  2 .17  compares  the  "ef fec t ive"  and "r ig id"  rota­
t iona l  parameters  which  vary  as  the  rec iproca l  o f  the  moments .  In  order  to  
make  the  ca lcu lat ions  more  rea l i s t i c ,  the  center  « . -c lus ters  o f  ^®Ne and ^^Si  
were  assumed not  to  contr ibute  to  the  "r ig id"  moments  o f  iner t ia .  From Ta­
b le  2 .17 ,  one  sees  that  the  "r ig id"  moments  are  usual ly  twice  as  large  as  
the  "ef fec t ive"  moments  for  rotat ions  about  the  x  or  y  ax i s ,  and three  to  
four  t imes  as  large  for  rotat ions -  about  the  symmetry  ax i s .  This  i s  not  un­
expected  s ince  a  s imi lar  s i tuat ion  occurs  for  deformed nuc le i  in  the  reg ions  
150<A£l90  and A&220 (4 l ,  p .  288) .  
F ina l ly ,  we  ca lcu late  the  e f fec t ive  radia l  charge  d i s tr ibut ion  for  sev­
era l  d i f ferent  nuc le i  by  averag ing  the  charge  d i s tr ibut ion  o f  Equat ion  2 .32  
over  a l l  poss ib le  or ientat ions .  This  i s  accompl i shed  by  tak ing  the  inverse  
Four ier  transform o f  the  e las t i c  scat ter ing  form fac tor .  From Equat ions  
2 .58  and 2 .60 ,  we  f ind  
( 2 . 1 4 0 )  
and a  s tra ight forward integrat ion  y ie lds  
( 2 . 1 4 1 )  
Table  2 .1? .  Comparison  o f  "r ig id"  and "ef fec t ive"  rotat iona l  parameters  for  severa l  l ight  nuc le i .  
The  spat ia l  parameters  needed  to  ca lcu late  the  ' r ig id"  A. ' s  were  found by  apply ing  the  
CAP model  to  e lec tron  scat ter ing  data .  
Assumed Oi - s tructure  
,  ,  .  .  Ca lcu lated  rotat iona l  parameters  Leve l s  used  in  
ca lcu lat ing  "ef fec t ive"  "Effec t ive"  (MeV)  "Rig id"  (MeV)  
ro tat iona l  parameters  
3  ^r^2  
^I5e  dumbbel l  w i th  neutron  5 /2 - 2 .43  MeV .48  .51  
^4 .  equi la tera l  t r iang le  
2+  
3"  
4 .43  
9 .64  
MeV 
MeV 
.74  .82  .51  .35  
V
Û 
T.  te trahedron d  3"  6 .13  MeV .51  .51  .28  .28  
Dgj  d i s tor ted  te trahedron 
2+  
2"  
1 . 63  
4 .97  
MeV 
MeV 
.27  1 .10  .14  .32  
D_,  b i te trahedron Zh 
2+  
2+  
1 .37  
4 .23  
MeV 
MeV 
.23  .94  .12  .19  
28s  i  Oblate  D s tructure  
3d  
2+  
3+  
1 .78  
6 .27  
MeV 
MeV 
.30  .60  .12  .14  
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wherey) (r )  I s  the  radia l  charge  d i s tr ibut ion  o f  the  nuc leus  normal ized  to  
the  proton  charge ,  2ne .  
F igure  2 .27a ,  taken  from Reference  (31) ,  shows  the  radia l  charge  d i s -
1 O 1  ^  
t r ibut  ions  for  a lpha-part ic le  conf igurat ions  o f  C and  0 .  The  curve  
in  F igure  2 .27c  i s  computed  from parameters  g iven  in  Reference  (35) ;  th i s  
d i s tr ibut ion  a l so  f i t s  the  exper imenta l  |Fg^l^  for  ^®Si  (g iven  in  F igure  
2 .22a) .  The  phenomenolog ica l  f i t  to  ^^Ca in  F igure  2 .27d  i s  taken  from re f ­
erence  (83) .  Al l  o ther  curves  are  ca lcu lated  from parameters  g iven  in  the  
present  paper .  The  two  charge  d i s tr ibut ions  for  ^®Si  have  e s sent ia l ly  the  
same abso lute  e las t i c  form fac tor  up  to  1 .8  fm~^ ,  but  they  can  be  shown to  
vary  cons iderably  above  th i s  va lue .  In  part icu lar ,  the  th ird  maximum o f  
)FQO1^ for  the  s tructure  i s  ca lcu lated  to  100  t imes  as  large  as  that  o f  
the  case .  Future  exper iments  on  the  e las t i c  scat ter ing  form fac tors  o f  
28  S i  a t  h igher  energ ies  wi l l  thus  favor  one  d i s tr ibut ion  over  the  o ther .  On 
the  o ther  hand,  the  abso lute  form fac tor  curve  for  ^^Ca i s  known we l l  up  to  
3 .2  fm ^ ,  and  both  d i s tr ibut ions  o f  F igure  2 .27d  g ive  approximate ly  the  same 
1FQOI  through the  fourth  maximum.  The  large  d i f ference  in  the  two  d i s tr ibu­
t ions  i s  thus  probably  due  to  the  fac t  that  the  phenomeno!og ica l  f i t  assumes  
the  form fac tor  changes  s ign  a t  the  second minimum (as  shown in  Reference  
(82) ) ,  whereas  the  form fac tor  for  the  « ( - s tructure  does  not  ( c . f .  F igure  
2 .26c) .  Al though the  abso lute  va lues  o f  the  form fac tors  o f  the  two  d i s tr i ­
but ions  are  near ly  the  sgme,  the  ac tua l  form fac tors  aye qui te  d i f ferent  
above  2 .0  fm~^.  In  fac t ,  by  s l ight ly  a l ter ing  the  present  charge  d i s tr ibu­
t ion ,  which  i s  somewhat  ho l low in  the  center ,  one  should  be  ab le  to  ca lcu late  
d i f ferent ia l  cross - sec t ion  curves  jus t  as  good as  those  obta ined  for  the  
prev ious  phenomeno1ogica1  d i s tr ibut ion .  S ince  the  Born  approximat ion  can  no  
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— C-D3h Ne-D2d 
'  — Mg-D2h 
( d )  
i>OCa-PHENOMENAL 
. . .ZBs i -Dgu 
-?"Ca-(Oh-T<, )  0.10 -
— 2®Si-D3d 
0.0 1.0 2.0 3.0 4.0 5.0 0.0 1.0 2.0 3.0 4.0 5lO 
RADIUS(fm)  
F igure  2 .27 .  Radia l  charge  d i s tr ibut ions  o f  var ious  l ight  A=4N nuc le i  pre"  
d ie ted  by  the  CAP model .  The  assumed s tructure  o f  each  nu­
c leus  i s  a l so  g iven .  
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longer  be  used  for  such  an  exact  ca lcu lat ion ,  no  a t tempt  i s  made  a t  present  
to  va l idate  th i s  assumpt ion .  
J .  Comparison  wi th  Other  Models  
From the  resu l t s  o f  the  las t  two  sec t ions ,  i t  appears  that  the  CAP 
model  works  qu i te  we l l  for  even-even  nuc le i  up  to  the  middle  o f  the  2s -1d  
28  
she l l ,  but  has  on ly  moderate  success  for  the  nuc le i  above  S i .  The  on ly  
log ica l  %-structures  for  the  three  A=4N nuc le i  in  the  Ip  she l l  y ie ld  resu l t s  
in  qu i te  good  agreement  wi th  exper iment .  Also ,  some o f  the  d i screpanc ies  
that  do  occur  between  exper iment  and theory  can  be  reasonably  we l l  expla ined  
by  cons ider ing  the  more  rea l i s t i c  RAP model .  
For  even-even  nuc le i  in  the  2s -1d  she l l ,  severa l  « . - s tructures  are  pos ­
s ib le  for  each  nuc leus ,  and  the  phys ica l  s tructure  must  be  determined  from 
analyz ing  the  ava i lab le  data .  Al l  o f  the  observed  bands  o f  ^^Ne under  9  
MeV can  be  predic ted  wi th  the  d i s tor ted  te trahedron,  and the  l eve l s  o f  
2k 28  Mg are  wel  1 -descr ibed  by  the  b i te trahedron.  The  resu l t s  for  S i  are  
not  as  conc lus ive  as  for  the  prev ious  two  nuc le i ,  though present  data  favor  
an  ob late  s tructure  over  the  more  fami l iar  pentagonal  b ipyramid .  
2k  98  The s tructures  assumed for  Mg and  S i  both  g ive  good agreement  wi th  the  
exper imenta l  e l ec tron  scat ter ing  form fac tors .  Severa l  s tructures  do  a  fa ir  
job  in  predic t ing  the  energy  l eve l s  o f  ^^S and ^^Ar.  However  in  both  o f  
these  nuc le i ,  low- ly ing  l eve l s  are  observed  that  are  not  we l l  predic ted .  
ko  The nuc leus  Ca i s  found to  have  an  (^-s tructure  o f  0^  symmetry .  Al though 
the  energy  spectrum i s  on ly  qual i ta t ive ly  d i scussed ,  the  exper imenta l  e las ­
t i c  form fac tor  for  e lec tron  scat ter ing  i s  we l l  descr ibed .  For  near ly  a l l  
o f  the  A=4N nuc le i  cons idered  in  the  2s - ld  she l l ,  the  f i r s t  energy  l eve l  
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observed  but  not  predic ted  i s  usua l ly  a  3  s ta te .  These  l eve l s  may have  some 
contr ibut ion  from an  oc topole  v ibrat ion  which  i s  not  part  o f  the  CAP model .  
In  recent  years ,  deformed Hartree-Fock  (DHF)  (8 ,84-87) ,  SU^ (88 ,89) ,  
in termediate -coupl ing  (90-92) ,  and  uni f i ed  co l l ec t ive  models  (58 ,93 .94)  have  
a l l  been  appl ied  to  most  o f  the  even-even  nuc le i  wi th  a tomic  mass  A-40 .  The  
DHF ca lcu lat ions  usual ly  a l low the  nuc leus  to  have  on ly  ax ia l  or  e l l ipso ida l  
( i . e .  symmetry)  de format ions  (8 ,84) .  However ,  even  wi th  these  res tr ic t ­
ed  deformat ions ,  some in teres t ing  comparisons  wi th  the  CAP model  can  be  
made .  The  ground-s ta te  DHF s tructures  for  ^^Ne and ^^Mg are  def in i te ly  pro­
ng  
la te ,  but  an  ob late  s tructure  i s  found to  be  s l ight ly  favored  in  S i .  
These  resu l t s  are  in  good  agreement  wi th  exper iment  ( c . f .  Table  2 .10)  as  
2 4  
wel l  as  wi th  our  s tructures .  In  addi t ion ,  Mg appears  to  prefer  an  e l l ip ­
so ida l  rather  than  an  ax ia l  1 y  symmetr ic  shape;  th i s  qual i ta t ive ly  agrees  
wi th  our  b i te trahedron (F igure  2 . l6c ) .  Ripka  (8 ,  p .  254)  has  p lo t ted  
some very  in format ive  dens i ty  d i s tr ibut ion  curves  for  h i s  ax ia l ly  symmetr ic  
12 20 28 DHF so lut ions  o f  C,  Ne ,  and  S i .  The  i rregular i t i e s  in  the  equidens i ty  
surface  show good ev idence  for  four-body  corre la t ions  in  a l l  three  nuc le i .  
12  For  example ,  C i s  shown to  be  ob late  and ho l low in  the  center  ( i . e .  to ­
ro ida l  shaped) ,  which  i s  in  c lose  agreement  wi th  the  tr iangular  «^-s tructure  
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a ssumed by  the  CAP model .  Such  a  deformed shape  for  C a l so  g ives  a  de f i ­
n i te  increase  in  b inding  energy  over  the  bes t  spher ica l  HF so lut ion  (95;  96  
p .  259) .  The  dens i ty  p lo t  o f  ^^Ne seems  to  d i f fer  from the  resu l t s  o f  the  
present  work  as  i t  favors  the  D^^ b i  pyramid  (F igure  2 .10c)  over  the  D^^ d i s ­
torted  te trahedron (F igure  2 .10a) .  One  poss ib le  explanat ion  for  th i s  d i s ­
crepancy  i s  that  D d i s tor t ions  were  not  a l lowed in  the  DHF ca lcu lat ions .  
Unfortunate ly  no  dens i ty  p lo t  was  drawn for  ^^Mg.  
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The  prev ious  sec t ion  shows  how the  CAP model  g ives  an  espec ia l ly  s imple  
explanat ion  for  the  oppos i te  par i t i e s  o f  the  K=2 bands  in  ^®Ne and ^^Mg.  As  
noted  before ,  o ther  co l l ec t ive  models ,  e spec ia l ly  the  asymmetr ic  ro tor  (93) ,  
can  account  for  the  band in  ^^Mg,  but  the  negat ive -par i ty  bands  in  
20 Ne are  usual ly  expla ined  by  promot ing  the  Ip-she l l  nuc léon  to  the  2s -1d  
she l l .  In  the  uni f i ed  Ni l s son  model ,  th i s  promot ion  resu l t s  in  severa l  d i f ­
ferent  bands  (94) ,  and  i t  i s  d i f f i cu l t  to  t e l l  which  ones  are  lowest  in  en­
ergy .  This  d i f f i cu l ty  i s  removed in  the  SU^ model  because  one  assumes  that  
the  lowest  s ta tes  are  those  o f  maximum orbi ta l  symmetry .  Thus  the  negat ive -
par i ty  s ta tes  o f  ^®Ne are  presumed to  be  bui l t  on  the  [^ /^]=[82]  or  [ so ]  ir ­
reduc ib le  representat ions  o f  SU^;  the  former  i s  a  f ive -part ic le  one-ho le  
s ta te ,  whi le  the  la t ter  i s  obta ined  on  promot ing  a  2s - ld  she l l  nuc léon  to  
the  next  h igher  she l l .  Us ing  E l l io t t ' s  projec t ion  scheme (97) ,  one  f inds  
that  the  [Sz]  space  y ie lds  K^=2 and K^O (L even)  bands ,  whi le  the  [SO]  
space  has  on ly  a  a  K^=0 (L  odd)  band.  The  f i r s t  and th ird  bands  are  observed  
exper imenta l ly  (F igure  2 .11) ,  but  they  are  a l so  expla ined  by  the  CAP in  a  
qui te  d i f ferent  manner .  The  SU^ model  can  a l so  expla in  the  K^=0^ and k '=2^  
bands  o f  ^^Mg as  be longing  to  the  L^yU]=l8k]  i rreduc ib le  representat ion .  
Harvey  (88 ,  p .  96)  has  p lo t ted  the  part ic le  probabi l i ty  dens i ty  d i s tr ibut ion  
for  the  in tr ins ic  part  o f  th i s  part icu lar  s ta te ;  the  contour  l ines  aga in  
show corre la t ion  and seem to  favor  the  b i te trahedron o f  F igure  2 .16c .  
F ina l ly ,  we  sha l l  compare  our  (^ . - s tructures  found for  the  A=4N nuc le i  in  
the  2s -1d  she l l  wi th  those  conf igurat ions  that  have  been  cons idered  by  var i ­
ous  o(_-c  lus  ter  ca lcu lat ions .  The  "resonat ing  group method" formulated  by  
Whee ler  in  1937  has  been  extended  by  numerous  authors  in  recent  years  (47 ,98-
100) .  Unfortunate ly ,  the  ca lcu lat ions  invo lve  an  exact  var ia t iona l  method 
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and become extremely  compl icated  when more  than  two  c lus ters  are  cons idered .  
The  ca lcu lat ions  are  therefore  usua l ly  l imi ted  to  such  nuc le i  as  ^Li ,  ^Be ,  
78  19 Li ,  Be .  However ,  a t  l eas t  one  ca lcu lat ion  has  been  a t tempted  on  C wi th  
qui te  favorable  resu l t s  (100) .  The  "generator-coordinate"  model  proposed  by  
Hargenau (13)  makes  a  s impl i fy ing  approximat ion  which  enables  the  model  to  
cons ider  oC-s tructures  for  a l l  l ight  A=4N nuc le i .  The  a lpha  c lus ters  are  
f i r s t  assumed to  be  f ixed  in  the  laboratory  coordinate  sys tem,  and the  HF 
ca lcu lat ions  are  then  performed among the  many-part ic le  bas i s  funct ions  gen­
erated  by  th i s  s ta t ionary  conf igurat ion  (59 ,101) .  A qu i te  s imi lar  procedure  
i s  used  in  the  DHF ca lcu lat ions  noted  ear l i er .  
Br ink  and co-workers  (59)  have  recent ly  used  the  "generator  coordinate  
method" to  ca lcu late  the  b inding  energ ies  o f  a l l  A=4N nuc le i  between  and 
28 Si .  They  f ind  the  most  s tab le  conf igurat ions  to  be  the  tr igonal  b i -
20 2k  pyramid  for  Ne ,  the  square  b ipyramid  for  Mg,  and  a  pro la te  
28  
s tructure  for  S i ;  the  f i r s t  two are  shown in  F igures  2 .10c  and 2 .16a  re ­
spect ive ly .  None  o f  these  s tructures  i s  in  agreement  wi th  the  resu l t s  o f  
28 the  present  paper;  however ,  i t  i s  not  known i f  our  s tructures  for  Ne  and 
2L 
Mg were  ac tua l ly  cons idered  in  the ir  ca lcu lat ions .  A number  o f  authors  
have  a l so  searched  for  ûf -corre la t ions  by  re lax ing  the  res tr ic t ions  o f  the  
DHF ca lcu lat ions  (85-87) .  Ins tead  o f  ax ia l  or  e l l ipso ida l  deformat ions ,  
they  a l low for  deformat ions  o f  l e s s  symmetry  which  do  not  inh ib i t  c lus ter  
1 9 format ions .  One  o f  these  papers  (87)  imposed  tr igonal  symmetr ies  on  C,  
'^0 ,  and ^®Ne,  and  found a lpha  corre la t ions  in  a l l  three  nuc le i  when a  Vol -
kov  force  wi th  a  suf f i c ient ly  s trong  Majorana  exchange  term (M=0.75  was  
20 
used .  So  far  as  we  are  aware ,  no  DHF ca lcu lat ion  has  been  performed on  Ne  
wi th  D^j  symmetry .  
118 
The overa l l  resu l t s  o f  th i s  chapter  seem to  indicate  that  the  phenome-
nQlog ica l  CAP model  g ives  a  goçd  bas ic  descr ipt ion  o f  the  Ipwly ing  l eve l s  
o f  severa l  l ight  A=4N nuc le i ,  and  i t  a l so  indicates  which  symmetr ies  are  
important  for  each  nuc leus .  These  symmetr ies  should  in  turn  d ic ta te  how 
one  can  bes t  proceed  wi th  more  rea l i s t i c  ca lcu lat ions .  
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III .  OTHER TYPES OF COLLECTIVE AND UNIFIED MODELS 
As  noted  in  the  in troduct ion ,  the  purpose  o f  th i s  chapter  i s  to  rev iew 
the  bas ic  theory  for  the  o ther  common co l l ec t ive  models  and  determine  what  
s imi lar i t i e s  may ex i s t  between  these  models  and  the  CAP model  o f  Chapter  I I .  
I t  wi l l  indeed  be  shown in  Sect ion  D that  two  we l l -known co l l ec t ive  models ,  
namely  the  symmetr ic  and asymmetr ic  ro tors ,  are  analogous  to  two spec ia l  
cases  o f  the  CAP model .  Then  in  Sect ion  E,  the  theory  wi l l  be  rev iewed for  
extending  the  co l l ec t ive  symmetr ic  ro tor  to  odd-A nuc le i .  This  rev iew then  
l eads  d irec t ly  to  the  formulat ing  o f  a  phenomenolog ica l  oC-part ic le  model  for  
l ight  A=AN+1 nuc le i  in  Chapter  IV.  
A .  Fundamenta l  Assumpt ions  about  Nuclear  Deformat ions  
Unl ike  the  CAP model ,  a l l  o f  the  co l l ec t ive  models  cons idered  in  th i s  
chapter  are  der ivat ives  o f  the  l iqu id  drop  model  and  therefore  portray  the  
nuc leus  as  a  cont inuous ,  incompress ib le  f lu id .  The  c lass ica l  Hami l ton ian  
for  a  l iqu id  drop  had a lready  been  worked  out  in  1877  (102) ,  but  i t  was  not  
unt i l  1952  that  A.  Bohr  perce ived  how such  a  sys tem could  be  quant ized  and 
adapted  to  the  nuc lear  case  (103) .  
The  theory  for  the  mot ions  o f  a  deformed l iqu id  drop  can  be  found in  
many s tandard  texts  (41 ,  pp .  262-319;  104 ,  pp .  228-291) ,  and  on ly  a  very  
br ie f  rev iew o f  the  der ivat ion  wi l l  be  g iven  a t  present .  One  beg ins  by  ex ­
panding  the  surface  o f  the  drop  in  terms  o f  spher ica l  harmonics  as  
K  / ? o [  .  ( 3 . 1 )  
In  the  nuc lear  case ,  the  surface  i s  not  we l l  de f ined ,  so  R(a , f )  i s  taken  to  
be  a  surface  o f  constant  dens i ty .  Assuming  smal l  o sc i l la t ions  o f  the  core .  
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one  can  show a f ter  some ca lcu lat ion  that  
Only  lowest  order  terms  in  q .  and  a .  have  been  kept .  The  above  Hami l ton ian  
ho lds  for  any  surface  v ibrat ion .  However ,  the  coef f i c ients  % and de­
pend on  bas ic  assumpt ions  concerning  the  nature  o f  the  l iqu id ,  which  i s  nor­
mal ly  cons idered  to  be  an  incompress ib le  f lu id .  The  hydrodynamic  va lues  for  
these  coef f i c ients  are  not  re levant  to  the  present  rev iew and so  wi l l  not  be  
g iven .  
The  Hami l ton ian  in  Equat ion  3 -2  cannot  be  deve loped  further  unt i l  one  
makes  some assumpt ions  about  the  core  deformat ions .  Var ious  poss ib i l i t i e s  
ex i s t ,  and each  l eads  to  a  d i f ferent  co l l ec t ive  model .  The  more  common o f  
these  are  br ie f ly  ment ioned  in  Sect ion  B through D.  
B .  Col lec t ive  Vibrator  Model  
i f  the  nuc leus  v ibrates  about  a  spher ica l  equi l ibr ium pos i t ion ,  the  
average  va lue  o f  each  deformat ion  parameter  a^^ i s  zero ,  and the  Hami l ton ian  
in  Equat ion  3 .2  reduces  to  a  sum o f  s imple  harmonic  osc i l la tors  
,  (3.3) 
where  
i  ^ I  -f-  ^  / J • (3.4) 
The f i r s t  exc i ted  s ta te  o f  each  mode  i s  (2L+])^fo ld  degenerate ,  and  so  has  
sp in  L and  par i ty  C-)*" .  inser t ing  the  hydrodynamic  va lues  for  and 
one  f inds  the  v ibrat ional  quantum ^u^to  be  a  monotonica l  ly  increas ing  func­
t ion  o f -c  with  nujQ=n(* '^=( ) ,  and  I  he  f i r s t  exc i ted  s ta te  o f  a  
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vibrator  nuc le i  should  therefore  have  sp in  2^  wi th  energy  ^6^.  Then a t  
about  twice  th i s  energy ,  there  should  be  a  3 '  s ta te  a t  as  we l l  as  a  0^ ,  
2^ ,  4^  t r ip le t  a t  ar i s ing  from two phonons  o f  the  quadrupole  v ibrat ion .  
Many nuc le i  exh ib i t  th i s  type  o f  spectrum inc luding  and ^^Ar ( c . f .  F ig ­
ures  2 .23  and 2 .24) ,  but  the  exper imenta l  s  are  normal ly  on ly  ha l f  o f  the  
hydrodynamic  e s t imates .  
C.  The  Col lec t ive  Rotor-Vibrator  Model  
Some nuc le i  are  known to  have  large  in tr ins ic  quadrupole  moments .  For  
such  nuc le i ,  a t  l eas t  one  o f  the  core  deformat ion  parameters ,  a  
large  nonzero  equi l ibr ium va lue ,  and much o f  the  k inet ic  energy  in  Equat ion  
3 .2  wi l l  then  come from the  co l l ec t ive  rotat ions  o f  the  a ,  ' s .  In  descr ib-
im 
ing  the  mot ions  o f  permanent ly  deformed nuc le i ,  i t  becomes  advantageous  to  
character ize  the  deformat ions  in  terms  o f  a  body- f ixed  coordinate  sys tem.  
The  Euler  ang les  that  descr ibe  the  or ientat ion  o f  these  body  axes  are  iden­
t i ca l  to  those  in  the  prev ious  chapter  and are  def ined  in  F igure  2 .1 .  
The  lowest - ly ing  pos i t ive  par i ty  s ta tes  should  be  generated  by  the  
nontr iv ia l  déformât  ion ,  /  =2.  Thus  in  the  body  coordinates ,  one  has  
R C®;  ^ 0  ,  (3 .5 )  
where  the  pr imes  ind icate  that  the  expans ion  i s  carr ied  out  in  body  coordi ­
nates .  The  Hami l ton ian ,  which  can  be  s imply  expressed  in  laboratory  coordi ­
nates  as  
H ~ ^ / ^3 M7 / ^2. I ^2. ^  I ^ '  ( 3 - 6 )  
be  transfo i 'mcu Lu body  coordinates ,  s ince  only  there  does  one  have  some 
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idea of how the deformation parameters vary in time. The transformation is 
elegant but quite involved and will  not be presented in this work. We mere­
ly note that the resultant Hamiltonian is greatly simplified if  one imposes 
the following three limitations on the body deformation parameters 
(3 .7)  
and redefines the remaining two nonzero deformations as 
(3 -20  =  
( 3 . 8 )  
^22  =  ^2 , .^=  
The conditions of Equation 3.7 arise naturally from requiring the body axes 
to coincide with the principle axes of the rotating structure. The surface 
of the drop then has the form 
and the Hamiltonian can be written as 
/ /  =  ^  ,  ( 3 . 1 0 )  
f - '  2  T*  
which is comparable to the Hamiltonian for the CAP model (Equation 2.2). 
The hydrodynamic values for the moments of inertia are 
^ (3.11) 
(where M is the mass of the nucleus), and are usually much smaller than the 
ones needed to f it  experimental data. 
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The rotat ion-v ibrat ion  models  that  have  resu l ted  from var ious  approxi ­
mate  so lut ions  o f  Equat ion  3 .10  have  had  remarkable  success  for  many even-
even  nuc le i  in  the  mass  reg ions  150<A<180  and A<220 ,  These  models  can  be  
grouped in to  two broad c lasses  depending  upon whether  the  equi l ibr i jm pos i ­
t ion  o f  the  nuc leus  i s  ax ia l ly  symmetr ic  (105)  or  not  (106) .  Many o f  these  
models  make  a t  l eas t  the  fo l lowing  two assumpt ions .  
1 .  The  rotat ion-v ibrat ion  interact ions  are  neg lec ted  by  assuming  that  
the  moments  o f  iner t ia  are  constants  eva luated  a t  the  equi l ibr ium pos i -
t  ions  o f  p  and t ,  
2 .  The  s trong  anharmonic  terms  in  the  potent ia l  are  cons idered  on ly  
qual i ta t ive ly  by  a l lowing  the  rotat iona l  parameters ,  A^,=%^/2I^ ,  to  acquire  
smal ler  va lues  for  h igher  v ibrat ional  modes .  
Both  o f  these  approximat ions  were  made  wi th  about  equal  va l id i ty  in  the  CAP 
model  (Sect ion  I !A) .  
D.  S ta t ic  Rotor  Models  
We sha l l  f ina l ly  cons ider  two  l imi t ing  cases  o f  the  rotor-v ibrator  mod­
e l  which  assume that  the  deformat ion  parametersy9  and îT are  constants ,  so  
that  v ibrat ions  do  not  have  to  be  cons idered .  Two types  o f  rotors  ex i s t  de­
pending  upon whether  the  asymmetry  parameter  Y i s  zero  or  f in i te .  The  l ev ­
e l s  predic ted  by  both  o f  these  rotors  wi l l  be  found to  correspond to  the  
ground s ta te  rotat iona l  band o f  two  d i s t inct  symmetr ies  o f  the  CAP model .  
1 .  Asymmetr ic  rg tor  
The  asymmetr ic  ro tor  occurs  when the  parameter  X i s  not  zero .  The  sur­
face  in  body  coordinates  can  then  be  wr i t ten  as  
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where  yg  and  /  are  now constants  independent  o f  t ime .  In  genera l ,  the  three  
moments  o f  inert ia  wi l l  a l l  be  d i f ferent  ( c . f .  Equat ion  3 .11)  so  that  the  
e igenstates  o f  the  rotor  Hami l ton ian  
H =  ^  (3 .13)  
wi l l  necessar i ly  be long  to  one  o f  the  IR's  o f  as  has  a lready  been  d i s ­
cussed  in  the  prev ious  chapter  for  ^^Mg.  Exper imenta l ly ,  on ly  l eve l s  
are  observed  and one  must  therefore  g ive  some arguments  for  why A l eve l s  
ig  
occur  and a l l  o thers  vanish .  In  the  CAP model ,  th i s  was  eas i ly  accompl i shed  
in  a  r igorous  manner  by  invoking  Bose-Eins te in  s ta t i s t i c s  (Sect ion  I IB) ;  but  
th i s  method cannot  be  used  in  the  present  case  s ince  no  a lpha  c lus ters  are  
present .  The  usua l  argument  g iven  in  most  s tandard  texts  was  or ig ina l ly  
s ta ted  by  Bohr ,  who ind icated  that  s ince  the  Hami l ton ian  was  spat ia l ly  in ­
var iant  under  the  wavefunct ions  must  a l so  be  so  (104 ,  p .  239) .  Such  a  
s ta tement  i s  not  t rue  s ince  the  invar iance  o f  a  Hami l ton ian  under  a  part icu­
lar  group s imply  impl ies  that  the  e igenvectors  must  be long  to  one  o f  many 
IR's  o f  the  group.  Davidson  objec ts  to  th i s  argument  in  a  la ter  rev iew ar ­
t i c l e  (3 )  and se lec t s  the  wavefunct ions  o f  the  A^^ IR as  the  phys ica l  ones  
s imply  because  they  agree  wi th  exper iment .  The  spectrum of  the  asymmetr ic  
ro tor  i s  therefore  ident ica l  to  that  o f  the  ground s ta te  rotat iona l  spectrum 
for  an  ^-s tructure  hgying  symmetry .  
2 .  Symmetr ic  ro tor  
I f  the  asymmetry  parameter  i s  zero ,  the  rotor  reduces  to  that  o f  a  
symmetr ic  ro tor .  The  surface  o f  the  nuc leus  can  now be  wr i t ten  as  
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/9 ( :e ' , (p ' )= /yo[ /+y6X,*C@3<P0]  ,  (3 .14)  
and the  expl ic i t  forms  o f  the  three  moments  o f  inert ia  can  be  ca lcu lated  
from Equat ion  3 .11  to  be  
( 3 . 1 5 )  
Zj  = o  
The  rotat iona l  Hami l ton ian  for  the  symmetr ic  top  i s  
H =  /? ,  (  )  f  .  (3 .16)  
But  the  rotat iona l  parameter  i s  in f in i te  and so  the  e igenfunct ions  
L" Dj^l^( -n- )  must  have  K=0.  The  projec t ion  o f  the  angular  momentum on  the  body-
f ixed  z  ax i s ,  ,  must  therefore  be  zero ,  and the  Hami l ton ian  s impl i f i e s  to  
.  (3. 1 7 )  
To agree  wi th  exper iment ,  one  must  fur ther  reduce  the  a l lowed s ta tes  to  
those  invar iant  under  a  rotat ion  o f  l80® about  an  ax i s  in  the  xy  p lane .  
This  i s  usua l ly  accompl i shed  by  employ ing  Bohr ' s  argument ,  which  has  a lready  
been  shown to  be  not  ent ire ly  va l id .  The  a l lowed spectrum then  inc ludes  
on ly  a  K=0^ band wi th  even  par i ty  s ta tes ,  and i s  ident ica l  to  an  ^-s tructure  
hav ing  1^^ symmetry ,  g s  was  i l lus trated  in  the  prev ious  chapter  for  ®Be.  
E .  Uni f i ed  Symmetr ic  Rotor  
The  co l l ec t ive  v ibrator  model  and  the  symmetr ic  and  asymmetr ic  ro tors  
have  a l l  been  extended  in  the  uni f i ed  sense  so  that  they  might  a l so  descr ibe  
the  l eve l s  o f  odd-A nuc le i .  Al l  three  models  have  met  wi th  a  great  dea l  o f  
success  in  var ious  mass  reg ions  o f  nuc le i ,  but  for  the  present  we  sha l l  
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review only the derivation of the unified symmetric rotor since this is all  
that is needed for developing the unified ^-particle model of Chapter IV. 
The present derivation will  deviate somewhat from Nilsson's original paper 
(107), as well as from standard texts, since we will  be concerned only with 
those parts which have direct application in the next chapter. However, un­
like the preceding sections, those areas which are relevant to Chapter IV 
will  be developed in great detail.  
1. Hami1 tonian and basis functions for extra-core particle 
We begin by writing the total Ham i l  tonian as 
H= + Hp _ ( 3 .18)  
The core Hamiltonian is the same as that of the collective symmetric rotor 
given in Equation 3 17, which is 
.  (3 .19)  
The periods of particle motion are somewhat greater than those of collective 
rotations, so it  becomes convenient to solve the single-particle Hamiltonian 
in body coordinates. The particle Hamiltonian can be written as 
Hp -  .  (3 .20)  
In order tp find a suitable potential, we note from Equation 3.14 that 
T C®j<p'3  -  V p>£o  J  • (3 .21)  
One can also think of r(©',<p) as a surface of constant potential as well as a 
surface of coriîLdnL density. The potential along this surface can be 
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wri t ten  as  
~ ryj CL>c,^ = -L ryj Y^Ce'jÇ') . (3.22) 
From Equat ion  3 .21 ,  we  have  to  f i r s t  order  in  yâ  
•r^Ce'.cp') = [I ^ -2^ yJ*^C&',<p')] . (3 .23)  
Therefore ,  in  order  for  Equat ion  3 .22  to  ho ld  to  f i r s t  order  in  one  must  
have  
u^^Ce'jcp') = L ' ~ ^zo (.<B', <(>')] ,  (2  24)  
and the  deformed potent ia l  i s  then  
'  J  m (3 .25)  
Bes ides  the  above  potent ia l ,  the  above  part ic le  Hami l ton ian  has  a  sp in-orbi t  
2  term as  we l l  a s  an  L t erm which  in terpolates  the  potent ia l  between  a  har­
monic  osc i l la tor  and a  square  we l l .  The  part ic le  Hami l ton ian  o f  Equat ion  
3  20  then  becomes  
.  (3.27) 
By in troduc ing  the  d imens ion1  e ss  coordinates  
(3 .28)  
mwo » 
Equat ion  3 .27  s impl i f i e s  to  
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(3 .30)  
The  parameters  X andju- are  s imi lar  to  the  ones  Ni l s son  def ined  in  h i s  or ig i ­
nal  paper .  From Equat ions  3  27  and 3 .30 ,  one  can  show 
«  .  _ ^  (3 .32)  
The  parameter  i iu^  i s  normal ly  taken  to  be  a  f i t t ing  parameter ,  but  should  be  
approximate ly  (49 ,  p .  469)  
nU)^ = f i  ^ /»1eV .  (3.33) 
A su i tab le  se t  o f  bas i s  funct ions  for  d iagonal iz ing  the  part ic le  Hami l -
ton ian  i s  the  spher ica l  harmonic  osc i l la tor  wavefunct  ions  |  A/is jm]>  ( the  quan­
tum numbers  are  def ined  in  Appendix  E) .  A s tra ight forward ca lcu lat ion  shows  
that  the  matr ix  e lements  are  
t(-f 
The e igenvalue  problem can  be  great ly  s impl i f i ed  by  d iagonal iz ing  on ly  
among bas i s  s ta tes  o f  a  part icu lar  11^ f or  l^j^ .  These  IR's  can  be  unique ly  
ident i f i ed  by  the  absqlute  vg lue  o f  m and  par i ty ,  TT.  S ince  m i s  a lways  
ha l f - in tegra l ,  a l l  the  IR's  wi l l  be  doubly  degenerate .  
The  resu l tant  pa ir  o f  wavefunct ions  found a f ter  d iagonal izat ion  for  an  
IR o f  quantum numbers  jm|  and  JT can  be  wr i t ten  as  a  sp inor  in  the  form 
/M '  ' . - . 'here  p. Iz an crd ir .a l  number  that  wls tznguisucs  l eve l s  o f  Li ie  
[i;i, ir, -myj 
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same IR. One might expect that these spinors can be expanded in the follow­
ing pairs of spherical wavefunctions; |  A/isjm > \ ^ This, however, can be 
k tJJLSi ,-m}/ 
shown not to be the case by considering rotations on these spinors. From 
Equation B11, one finds 
-iv-: 
Cp / /  w> = e""  '  ^  
( 3 . 3 5 )  
and so the matrix representation for using the above set of spherical ba-
/  0  
sis functions is (g-i^j o /  ^ matrix that depends explicitly on j .  This 
is not appropriate for the present situation because all  matrix representa­
tions of rotations of the diagonal ized wavefunct ions must be inde-[lAÏÏrmy/ 
pendent of j .  One possible solution is to choose the spherical basis func­
tions in the form '  This extra phase now causes the C* 
representation to be 
o e  o ^ 
O  V -  I C)  /  '  (3.3 6 )  
a matrix independent of j .  For later use, we note from Equation BIO and the 
above discussion that 
C ^ ( < p ) U 7 r w > =  ( 2  2 2 )  
and 
I  ^  ^  1 ^ 1 - j r . - ,  ( 3 . 3 8 )  
where C^ff) is an arbitrary rotation of angle f  abput body-fixed z axis. In 
addition, the resultant wavefunctions can now be expanded in the spherical 
basis as 
^ C . , (3.39^ 
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and 
Tf  % îLirm 
/  77:  -^>  '  (3 .40)  
The  phase  d i f ference ,  in  the  two  expans ion  coef f i c ients  wi l l  be  o f  
extreme importance  when one  couples  the  part ic le  and core  wavefunct ions .  
The  resu l t s  o f  a  typ ica l  d iagonal izat ion  o f  are  shown in  F igure  3 .1  
where  the  s ing le -part ic le  energy  l eve l s  up  through the  2s -1d  she l l  are  p lo t ­
ted  as  a  funct ion  o f  the  deformat ion  parameter ,Not  a l l  o f  the  s ing le -
part ic le  l eve l s  in  th i s  f igure  are  a l lowed as  poss ib le  s ta tes  for  the  extra  
nuc léon .  The  lower  l eve l s  are  assumed f i l l ed  by  the  core  nuc léons ,  and  the  
Paul i  exc lus ion  pr inc ip le  prevents  the  las t  part ic le  from enter ing  the  core  
1  1  
s ta tes .  The  nuc leus  i s  shown as  an  example;  each  l eve l  i s  doubly  degen­
erate  and can  therefore  ho ld  two  protons  and two neutrons ,  so  the  lowest  
three  s ing le  part ic le  l eve l s  are  f i l l ed  wi th  core  nuc léons .  The  las t  proton  
can  then  on ly  occupy  the  s ta tes  h igher  than  these  core  l eve l s .  
2 .  Coupled  bas  i s  funct  ions  
One  must  now obta in  a  su i tab le  coupled  bas i s  for  d iagonal iz ing  the  to ­
ta l  Hami l ton ian  o f  Equat ion  3 .18 .  F igure  3 .2  shows  the  poss ib le  angular  mo­
menta  that  are  invo lved  in  the  coupl ing  o f  the  core  and part ic le .  The  fo l ­
lowing  sum ru les  ho ld  on  the  quantum numbers ,  
1  = ^  + L  ,  (3 .41)  
^ iC. 
H = w' f  > ( 3 .42)  
and 
M = yr) i- .  (3 .43)  
As  shown in  the  f igure ,  the  parameters  K,  m'  and  are  def ined  in  the  
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Figure  3 .1 .  The  s ing le  part ic le  energy  l eve l s  o f  H (g iven  in  Equat ion  3 .30)  
are  p lo t ted  as  a  funct ion  o f  the  deformat ion  parameter-Ô2•  The  
gnd Sir  coef f i c ients ,  2 )Cand X/c,  have  va lues  o f  0 .15  and 0 .0  
respect ive ly .  The  Paul i"exc lusIon  pr inc ip le  i s  a l so  demonstrat ­
ed  by  showing  the  s ta tes  that  are  f i l l ed  for^3  c .  The  las t  neu­
tron  cannot  occupy  the  lower  three  "core"  l eve l s .  
Î 3 2  
Figure 3.2.  
The angular momentum coupling relations for a deformed plus particle Hamiltonian. 
core 
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body-fixed coordinates while M, m and refer to the laboratory system. 
The only quantum numbers that are conserved in the final wavefunctions are 
total spin ( I) ,  its projection on the space-fixed z axis (M), and parity (îT) .  
One such wavefunction satisfying these conditions can be formed in the labo­
ratory where the usual angular momentum coupling holds 
The f irst term on the right-hand side is the usual Clebsch-Gordan coeffi­
cient. In the second term, represents all  coordinates of the particle 
wavefunction in space-fixed coordinate system, and /Nfsjm^ denotes the 
single-particle spherical harmonic oscillator with quantum numbers Nisjm (as 
defined in Appendix E). The last terms represent the core wavefunction and 
N|^ is the normalizing factor 
These wavefunctions cannot be used as basis functions, however, because 
the particle wavefunction is described in body coordinates (Equation 3.20). 
This problem can be remedied by transforming the particle wavefunction to 
body coordinates (via Equation A2) and then using the Clebsh-Gordan series 
for the rotation matrices and symmetry and unitarity properties of the 
Clebsch-Gordan coefficients: 
I ' M ' n  X  y y ) y  ^  
^ * 
= A/, / f  )  <y / / i /^sv  w 
134 
= Nr  ^  ( - /  C-n . )  (3 .45)  
W'A-
The  product  wavefunct ions  on  the  r ight  hand s ide  o f  the  las t  equat ion  are  
c lose  to  be ing  the  appropr iate  ones  needed  to  use  for  the  coupled  bas i s  
funct ions .  The  var iables  I  and M are  good  quantum numbers ,  and  the  part ic le  
wavefunct ion  i s  represented  in  body  coordinates .  In  addi t ion ,  they  are  a  
complete  se t ,  s ince  one  can  invert  the  las t  equat ion  to  obta in  
JyVxs^'wjrtx>vj>= A/x  
We now assume that  the  coupled  bas i s  funct ions  cannot  a l low the  part i ­
c l e  to  conta in  s ing le  part ic le  contr ibut ions  o f  the  core;  so  ins tead  o f  the  
wavefunct ions  in  Equat ion  3  46 ,  we  use  
I^TAty= A/j. 
^-Xiryr ,  (3 .47)  
For  reasons  that  are  ident ica l  to  those  used  in  the  co l l ec t ive  symmetr ic  
ro tor  (Sect ion  I I  ID) ,  we  aga in  require  the  coupled  bas i s  funct ions  to  be long  
to  the  symmetr ic  IR o f  D .  The  wavefunct  ions  ^nd 1^ ,"^,  ±M/ 'each  
ooh M,±K ' / 
generate  indiv idual  IR's  o f  lab led  by  [K, 77 'J  and respect ive ly .  
From group theory ,  we  know that  the  tensor  product  o f  two  IR's  wi th in  the  
same group wi l l  conta in  the  symmetr ic  IR o f  the  group once  i f  and on ly  i f  
the  IR's  are  the  same.  In  the  present  case ,  th i s  s t ipulates  that  K=m.  
In  order  to  f ind  these  symmetr ic  wavefunct ions ,  we  use  Equat ions  B6 ,  
B7 ,  3 .37 ,  and 3 -38  to  show that  the  coupled  wavefunct ions  o f  Equat ion  3 .47  
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C^c^)  f i  i /ny  ~ ^ / ;a  / f r / t i>  (3 .48)  
I  ; i  TTW7; /sx / j^>  =  e ' '^  /; i  TT. -w; .  (3.49)  
From Equat ion  3 -^7 ,  one  sees  that  the  product  wavefunct ion  i s  invar iant  un­
der  C^(<?)  on ly  i f  K=m (as  has  a lready  been  noted) .  In  order  for  the  bas i s  
funct ion  to  be  invar iant  under  ,  one  must  use  the  combinat ion  
\7i ,V,lrr)l'jHllMy'j2^mrry>]hIM>-h iTLVj-rr! X ^ (3-50)  
which  can  be  rewri t ten  us ing  Equat ion  3 .39  
7{fr-rn rr>  ^ . 
xj^  I A/JL S^' KI/M;> + (-) ^  ^ 
(3 . 51 )  
3 .  Calcu lat ing  the  f ina l  energy  l eve l s  
The  f ina l  energy  l eve l s  are  now found by  d iagonal iz ing  the  to ta l  Hami l -
ton ian  o f  Equat ion  3 .18  in  the  coupled  bas i s  (Equat ion  3 .50  or  3 .51) .  Us ing  
Equat ions  3 .19  and 3 -41 ,  one  f inds  the  core  Hami l ton ian  to  be  
^f i  ~  '  (3 .52)  
and the  to ta l  Hami l ton ian  can  then  be  expanded as  
// = >9y . {3.53) 
I n  h i s  o r i g i n a l  p a p e r ,  N i l s s o n  ( I O 7 )  r e w r o t e  t h i s  e x p r e s s i o n  a s  
H ~ H g + f^ p +  ^H PQ. , (3.54) 
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where  
«; ' + , (3 55, 
HflPC = -  2  / ) ,  C-Tx ^ 'x  + Zy ) 
He then  approximated  the  Hami l ton ian  by  neg lec t ing  H^^^ and A^j^ .  This  l e f t  
h im wi th  a  Hami l ton ian  that  was  d iagonal  in  the  coupled  bas i s  o f  Equat ion  
3 .50 ,  and the  energy  l eve l s  were  g iven  as  
= »,liCn-0-Zh'-] -t Sp .  ( 3 . 5 6 ) .  
where  E^^ i s  one  o f  the  part ic le  s ta tes  o f  H^.  S ince  l>K,  th i s  las t  equa­
t i o n  s t a t e s  t h a t  a  K  b a n d  o f  r o t a t i o n a l  l e v e l s  w i t h  l = K ,  K + 1 ,  • • •  l i e s  o n  
each  o f  the  part ic le  energy  l eve l s .  Kerman improved  the  theoret ica l  spec­
trum somewhat  by  not ing  that  had  d iagonal  terms  when |k|=1/2 .  His  for ­
mula  for  the  energy  spec trum was  then  ( I08)  
=  / 9 , I x C ^ + 0 - 2 C - ;  ,  ( 3 . 5 7 )  
where  a  i s  the  decoupl ing  parameter  which  can  be  shown to  be  
^  / .  (3. 5 8 )  
C-«/-e5^ ; 7 
Such  a  s imple  express ion  as  Equat ion  3 . 5 7  actua l ly  meets  wi th  cons iderable  
success  in  many nuc le i .  However ,  for  l ight  nuc le i ,  i t  i s  fa ir ly  easy  to  
perform an  exact  ca lcu lat ion  by  d iagonal iz ing  the  Hami l ton ian  o f  Equat ion  
3 .52  among the  bas i s  s ta tes  o f  Equat ion  3 .50 .  
The  so l id  l ines  in  F igure  3 . 3  show the  f ina l  energy  l eve l s  that  are  ob­
ta ined  as  a  funct ion  o t  the  rotat iona l  parameter ,  ,  assuming  that  the  
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3.6 
3.4 -// 
3.2 
'// 
3.0 
2JB 
2.6 
0.0 0.02 0.04 0.06 0.08 
AI /"M w Q » 
Figure 3.3. The solid lines represent the final energy levels of a unified 
symmetric rotor as a function of the rotational parameter . 
The spins and parities of these levels are given to the top and 
and right of the figure. The particle parameters are the same 
as those in Figure j. i, so the energy levels at A^=0.0 are iden­
tical to those of Figure 3.1 when 
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particle parameters are the same as those in Figure 3.2 i ' l  . e . ^ ^ = - 0 . k ,  
2X=0.15,/^=0). If the nondiagonal terms of and are negligible, 
the curves will appear as straight l ines; this appears to be the case for 
many of the levels. The dashed l ines show the additional levels that are 
allowed if the core symmetry is reduced from to as will be consid­
ered in the next chapter. 
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IV. THE UNIFIED c^-PARTICLE MODEL 
A. Particle Hamiltonian 
The Hamiltonian that we will use for the unified «^particle (.UAP) model 
will again be a sum of core and particle terms, 
» 
H = . (4.1) 
The core Hamiltonian is the same as that used in the CAP model (Equation 
2.3) which is 
H(. = ^ '-rt .  (4.2) 
The particle Hamiltonian will in general no longer have axial symmetry. 
However, i t may be expressed as 
Hp=-^+Cé.-L r + , (4.3) 
where in analogy to Equation 3.26 we write 
y/^Ce'.<p')] . (4.4) 
Introducing the dimensionless coordinates of Equations 3-28 and 3-29» we 
find that the last two equations may be written as 
Mp => Co',<p')-2Xé'^ , (4.5) 
where the parameters',^, and are defined in Equations 3.31, 3 32, and 
3 33. Since the particle Hamiltonian is invariant under all operations of a 
particular point group, only certain combinations of spherical harmonics are 
allowed in Cquaciou 4.5. These combinations are "listed in Table 4 .1 for the 
Taille 4.1. Lowest order expansion terms of the particle potential for various point group symmetries. 
Core 
nucleus 
Assumed 
symmetry Lowest order nonzero terms in ^ a Y. jLtn Jim Zn\ 
^Be D ^ 
^2 "^20^^40 
12c 
'é [ivn• J1 
20Ne 
°2d 
2% 
28s i 
°3d 
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various symmetries which were found in Chapter II to yield the best results 
O OO 
for A=4N nuclei between Be and Si. The potential terms given in the last 
column can be found by standard projection techniques (30, p. 113)- The ex­
act form of the potential will depend upon how we choose the body-fixed co­
ordinate system relative to the ot-structure of the core, so without loss of 
generality we again choose one of the 2-fold axes in the xy plane to be in 
the positive x direction. 
B. Basis Functions 
In accordance with the results of the unified symmetric rotor, we note 
that the basis functions of the DAP model will involve only half-integral 
spins and must therefore belong to double-valued IR's of the point group de­
scribing the symmetry of the core. Two examples of character tables for 
such extended point groups are given in Table 4.2 and 4.3. The diagonalized 
functions of the particle Hamiltonian will now be of the form 
where i  denotes the i^^ double-valued IR of the point-group of interest, and 
j  represents the basis function of the degenerate IR. The sum, (Nj^sjm) , 
need only be performed over the spherical basis states |N£sjm^ which belong 
to the IR, F], and the necessary quantum numbers for each IR of two differ­
ent point groups are given in Tables 4.4 and 4.5. The results of these ta­
bles can be found by the standard reduction procedures given in Section IIC. 
A far simpler method, however, is simply to note which matrix elements of 
<1 1 1 1 1 1  I  .  N J? s j  m |Hp|Nisjmy will have a nonzero value. When this occurs. 
142 
Table 4.2. Character table for the double-point group. 
°3h £ R 
'S  
2RC^ 
3C2 
+3RC2 "3  
3
 K 
3R(r  
A , '  I  I  1 1  1  1  t  I  1 
A , "  1 1  \ 1 1  -1  
A , '  1  I  I  I  -1  \ -1  
' 
I  I  1 - I  1 
t  '  2  2  0  0  
1 1  
E  2  2  0  -2  I  I  0 
2  
-2  1  0  0  jT 
-F 0 
G 2 -2  1 0  0  
-If IT 0 
^3  2  -2  -2  2  0  0  0  0 0 
Table 4.3. Character table for the T^ double-point group. 
' d  I  R 8Cj  8RCJ 
+3RC2 
6RS^ 
1 1  1  1  1  1  I  1 
1 1  1  1  I  -1  -1  -1  
E 2  2  - I  -1  2 0  0  0  
3 3  0  0  -1  1 1  -1  
^2  3  3  
0  0  -1  -1  - t  1  
n  2 -2  1  -1  0  fT -IT 0 
r z  2 -2  1 -1  0  -JT 1 7  0 
4 - I t  -1  1  0  0  0  0  
Table 4 . 4 .  Classification of the b o d y -fixed particle wavefunctions, <^r | jm^ for the double-valued 
IR's of several different point groups. The only quantum numbers given are jmj and IT, 
with the understanding that all jT'jm) are allowed for each )m). 
IR 
^ 2 h  '^2d ^ 3 h  
D  
3d 
1 +  3+ +  + + 1*,3",5-,7+,9+, 1 + , 5 " , 7 - , 1 1  +  13+ 1 +  ,5+,7 +  11+ 13 
+ 
2 2  2 2 2 2 2 2  2 2  2 2 2 2 '  2 '  2 2 2 ' 2 * 2  
1 1 " . 3 + , 5 + , 7 " , 9-, 1 : , 5 + , 7 + , 1 1  
-.13-, r ,5-,7 - , 1 1 - , 13 
-
2 2 2  2 2 2  2 2  2 2 2  2 2 2 2 2 2 2 2 2  2 
3± 9± ,5 ± 3+ q  + 
2  2  2 2  2  '  2 '  '  
f ' l  " T -
• 
Table 4  
.5. Reduction o f  
noted b y  J ^ )  
the basis f u n c t i o n s o f  
into double-valued I R '  
'  integral s p i n s  o f  SU-
s ^ o f  T j .  
into t h e  double -valued ( d e -
IR 
1"^ 3"*" 5+ 7+ 9+ r 3" 5 "  7 "  9 "  11" 
2  2  2  2 2 2  2 2  2  2 2 2  
n 1 0  0  1 1 1 0 0 1 1 0  1 
h  0 0  1 1 0  1 1 0  0  1 1 1  
^ 3  0  1 1 1  2  2  0  1 1 1 2  2  
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i t implies that both wavefunctions involved have components which belong to 
the same row of the same IR. 
In analogy to Equation 351, we require the coupled basis functions 
that are used for diagonalizing the total Hamiltonian to be special combina­
tions of the product wavefunct ions I f / '  The combinations must 
be chosen in such a way that the final wavefunctions are invariant under all 
body rotations and reflections which permute identical alpha particles in 
the core. From group theory, we know that this requirement l imits the al­
lowed rotation matrices, to those which belong to the same IR as the 
corresponding particle wavefunct ions jr., Tables 4.4 and 4.5 can sti l l 
be used for finding the appropriate rotation matrices If one mentally re­
places the quantum numbers j  and m by I  and K respectively. The appropriate 
set of symmetrized coupled wavefunctions will then be of the general form 
I  ^  ^ I  O. iy  ,  (4.7) 
where n^ Is the dimension of the IR tabled by / j, are numbers which give 
the square braced term the correct symmetry, and are the appropriate 
Clebsch-Gordan coefficients. Fortunately, for symmetric tops, the IR's are 
all doubly degenerate and it will be shown later that the coupled basis 
function for such structures can be simplified to 
± /o,a>J (4.8) 
C. Electromagnetic Matrix Elements 
1. Extracting reduced matrix elements from experiment 
As was stated In Section IIC, the partial mean width of an energy level 
for a particular radiation between states of spin I  and I  is 
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Z J l f !  
r ( l i i- j/r —r';r'3 , (4.9) 
J î  L ( 2 J f ^ 0 . " . ]  \ H c J  
where ;î is either E or M depending upon whether the radiation is electric or 
magnetic, and k is the rank of the multipolarity. In the present notation, 
the reduced transition probability will be 
z. 
(4.10) 
a  ( 2 J M :  X 1 T — * x ' r r ' ; )  = ^  \ <  x ' r r ' . * i ' !  1  t r  ^  y  \  
= -i~ f  <  r  '?/> ' ] /  ,11 •'H')II r ir>j ^  
ZT il ' 
and the reduced matrix element is again defined as 
The calculated transition matrix elements will be much more complicated than 
for the previously considered A=4N nuclei, since a significant part of the 
transition is now produced from the extra-core particle. 
Two other measurable quantities which can yield reduced matrix elements 
are the static magnetic dipole and electric quadrupole moments of the ground 
state energy level. The necessary relations are 
(.J <jrrl l.»0)ll ' 'rry (4., 2) 
Q J =  •  ( 4 . 1 3 )  
and 
2. The electromagnetic operators 
From Equations 4.6 and 4.7, we see that the final wavefunctions will be 
a sum of terms of the form 
r* |//j^ <r X , (4.14) 
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and so the matrix elements that need to be evaluated are of the form 
. (4.15) 
Since the multipole operators are tensors, we find from Equation C20 that 
they can be expressed as 
and 
M Ch^u) = )  + /Mp ]  , (4.17) 
where the terms inside the brackets represent the intrinsic multipole mo­
ments of the core, and the multipole moments of the extra-core particle in 
body coordinates. The quantities on the left-hand side of the equation rep­
resent the appropriate multipole operator in laboratory coordinates. It 
should be noted that these definitions are somewhat arbitrary, as is sug­
gested by the multiplicative factor Equation 4.11, and one must 
be very careful when comparing these equations with those of other works. 
The multipole moments of the particle are given as 
^ /Sv/ la.f) (4.18) 
and 
(4.19) 
which are identical to those of the independent particle shell model. The 
constants e^ andare the proton charge and the nuclear magneton respec­
tively, and t!"ic pai ameLers g^ ,  and g^ represent the effective charge, 
147 
and the orbital and spin gyromagnetic ratios for the extra-core nucléon. If 
the odd nucléon is a proton, one finds (104, pp. 333-345) 
= /, o - c>. s" / 
/. o (4.20) 
•g-s = s. s 8 7 , 
and for a neutron 
'Y = - O. S -  !  
=  - 3 . 8 2 6  
The electric multipole moment of the core can be calculated from 
Equation 2.63 which is 
In analogy to the Nilsson model, we assume the electric charge of the core 
to be distributed uniformly out to the surface of the nucleus, so that 
n (-r ') = O 
(4.23) 
where 
R (G ) (P ) = ^je rr] %e yy; C^> • (4 . 24) 
Carrying out the integration to first order in the deformation parameters, 
we find 
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The magnetic multipole operator of Equation 4.19 can be simplified for 
yE=1 by noting that 
^ ^ , (4.26) 
where A is any vector and A^is expressed in pseudospherical coordinates. 
The magnetic dipole operator of the particle in body coordinates is then 
simply 
~ [ss ^ SJI -^X' 7 • (^-27) 
From the discussion given in Section I IE, we see that the intrinsic magnetic 
dipole moment of the core can be given as 
where g^=Z/A is the gyromagnetic ratio of the core, and is the core angu­
lar momentum. The total magnetic dipole operator can then be written as 
I  ^ + gjR -^1, ] • (4.29) 
Using the coupling relations of Equation 3.40, the last equation can be re­
written as 
[  9c ^ J . (4.30) 
We must also consider higher order magnetic multipole moments of the 
core. Assuming that the current distributions of the core can be described 
with some degree of validity by rigid motion of point alpha particles, we 
finrl frnm Fnuafîmnc 9 77 anri 9 7A fhaf t înt-rîncîr manner îr miiltînnlp 
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moments of the core can be written as 
where the coefficients 
^ fjO j  (4.32) 
Ù  V  
are constants which depend explicitly on the size and shape of the <X-struc-
ture. 
3. Calculating the reduced matrix elements 
The matrix element involving the electric moment of the core can be 
readily evaluated by using Equations 4.14, 4.16, and C12 as follows: 
A/je. rv j K X M y-
=  y c^ ' f / X z z ^  > '  ^  .  
The complexity of Equations 4.31 and 4.32 offers l itt le incentive for at­
tempting to evaluate general matrix elements of . Therefore, we shall 
£m 
ignore magnetic core contributions except for Ml transitions. The necessary 
matrix element for this operator can be easily evaluated by using Equation 
D7, and is 
<  A / ' j i ' k ' t ' /H ' I  Jg ^  5  ^ r r ) j  f fZ /Hy '  
(4.34) 
~ ' C ' I > /« yU M ) ^xT'^KM' ^££' S '  ^m rr}' 
Fortunately, the pretermission of core contributions to M2 and M3 transitions 
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is not too serious in the present work, because very few experimental tran­
sitions of this type will be encountered for the A=13 nuclei that we will 
consider in Section E. 
All of the matrix elements of the extra-core particle operator, (k,yi) ,  
can be separated into collective and particle terms as follows: 
K' i '.n' l  ] / / X s j  f t X  fi> 
= fmr ^ < H ' x ' y v i ' l  H .  
The f irst term can be evaluated by Equation C12, but the last term requires 
extensive Racah algebra. We shall consider f irst the electric contribution 
and rewrite the particle term (via Equation 4.18) as 
(4.35) 
</l/Jl '-s'j '»i '/ \ A/J>s^yy,y 
(4.36) 
y 2 jTf-/ 
This matrix element can be solved using the decoupling relation of Equation 
CI, Equation C17, the recoupling formula of Equation C26, and the identity 
of Equation ZTJ. The final result is 
r  I - h  1  5^»^' 
^ 
)( / a i f ' H z i ' * , ) '  v t ' }  •  (4.37) 
The magnetic matrix elements are much harder to evaluate, and one must 
consider the spin and orbital parts separately. The matrix element arising 
from the spin of the particle is 
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(4.38) 
J 2 tir r / 
which can be evaluated from the decoupling relations of Equation CI, the 
identity of Equation C17, and the coupling relation of Equation C28. The 
result is 
1 
(4.39) 
( ; jf m M -/V 
jJ Jl-i 
S s' I 
'  Jî 
I  i  i  
Fortunately, the above expression using Equations 027 and 028, and noting 
that the explicity expression for one of the 6-J symbols that arises in the 
calculation is (109, p. 16) 
f i jn Ji-n _ j , (4.40) 
The final result is 
! '  I r -I 
<^U Ims^»> = M-' US^s' • '  
'c^u'/r'-V-f-eJ) (i y .i') (4.41) 
y . '  — _  ( <  >  \  r  o '  ! H - ' A >  J  " )  
, ^  ^ V J -- - <r V 
I, O ^ '^ 2./ L ^ J • 
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The matrix element arising from the orbital part pf the particle is 
C ^ y v ' j i ' C - ^  )  w> 
m r —' (4-42) 
and can be evaluated by the decoupling relation of Equation CI, the identity 
of Equation C17, and two separate applications of the recoupling relation of 
Equation C26. The result is 
<^/V ^ s f M ^ ^C^)l//£s^-n7^ = C-) <^ie.' l-r-" ' ' ! /VJi^ 3-e/^M 
1 
(4.43) 
( ^ O  O  O  J \  yn  V -rn' J ^ 5 j l  Ji'\ 
From Equations 4.29 and 4.30, we see that the particle matrix elements 
for an Ml transition involve only the operators ^^, and j . The necessary 
matrix elements can be readily evaluated and are 
and 
XM i /  -m' J -f- s' s \ J 
<^.v'£.'s I  l / i^xs^yny~ e'^ss' C-J 
^  i  U ^ t i ) i z ^ + 0 i z j ' + 0  ^  ^  ^  ^  ^  1  f  J (4.45) 
(4.46) 
/  . /  . . . X , .  .  ^  i -  I  - a  ^  \  
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In order to evaluate the matrix element of the total particle operator, 
, we must now combine Equation 4.35 with the appropriate particle ma­
trix element. However, in doing this, we shall make use of the Wigner-
Eckart theorem which for the present case is 
i  S^rr;; 
/ '  , (4-47) 
and present the results in terms of reduced matrix elements. The reduced 
matrix element of the electric part of the particle is 
X Ç/f'^ a}Cw v-^O ' 
while the magnetic contribution can be expressed as 
</!''-€'S'w; k'I' U yrj j HZ )> 
i k . k S )  
= < /i/'jz's Y V'; ar 'll k.) f i) l y V £ ,  
where 
X s'j i >//; M  ' i ' H - i ^ x y  = C-j  ^  
% J  yc^r+/X2zV/X2^>/X2^V/Xs^-^/X2^^') (4 50) 
and 
y le 2.^'+0Czx+Oi^itOCê^^'f-OCs- ^  ffji-i'X* +-«--«) (4.51) 
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For magnetic dipole moments, the necessary reduced matrix elements for the 
particle spins are 
. x'- /f'+J!.* s -t- -i *• r C c 
<  rr i ' -  H 'X' ]j ^ Il '"J ~ C-J r ? 
, g  ^  j  [  ^  
<^//'je.'s'^''»'j h'Z'I! ^ ^ ^^/Vyv'^ji£.' ^ ss' 
XjCZI I V/Xi ^  ^(<2 ^ ^ 5-^ ^ C- k ' V  3C 
and 
< / y J g ' s ^  V ;  H ' r ' H  J ^ I l / v J L 5 ^ r > i ;  « r >  =  ^  ^ s s '  
X J r f/] ^Û(2.^t/ ) ^ V -m'^ » 
while the reduced matrix element of the total spin I  is simply 
< ^ A / ' j L ' s ' ^ ' r » ' - K ' l ' l l l l l M J ! S ^  r n i t i r  >  = 
(4.55) 
^ / t / '  ^ j t a ' ^ s s '  ^ m r n '  - [ ^  + j ' ) ( . 2 . z + i  )  
Finally, we present the reduced matrix element caused by the intrinsic elec­
tric multipole moment of the core. From Equation 4.33 we find 
z ' - n  '  
<, A/ ' j i ' s ' ^ ' m ' ;  k ' t ' H  E ^ C - ^ )  I l  y t / j ^  s ^ r v  ;  r  ) ^  =  ( - J )  
(4.56) 
X &X,' n,^ ^ A- ) ^ ' 
The transitions cannot be developed further until we consider the exact form 
of the final wavefunction such as given in Equation 4.7 or 4.8. This form 
depends on the symmetry of the structure, and so such calculations must be 
done individually for each nucleus. 
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D. Brief Review of the Mass A=9 System 
In our development.of the UAP model, we have not attempted to construct 
individual alpha clusters within the deformed core, but have merely assumed 
that such a structure exists, and that the resultant potential between the 
core and extra-core nucléon can be approximated by Equation 4.4. Conse­
quently, if our model were applied to the mass A=9 system, the results would 
o 
be identical to that of the Nilsson model, because the Be dumbbell core has 
symmetry. 
q 
Unfortunately, the experimental data for Be is quite scarce and prac­
tically nonexistent for the mirror nucleus ^B. In fact, all nuclear models 
predict 1/2 and 3/2 levels below 6 MeV (110), and neither of these states 
has yet been observed experimentally. Also, up until four years ago the ex-
Û 
perimental static quadrupole moment for the 3/2 ground state of ^Be was in­
correctly determined from several different measurements of the hyperfine 
structure to be 0.^^^=2.3 fm^ (111,112). The error did not come from the 
measuring of the hyperfine splitting, but resulted because of the difficul­
ties involved in computing an accurate value for the gradient of the atomic 
electric field at the nucleus. The value of 2.9 fm was found to be in ex­
cellent agreement with the shell model calculations (113), but too small by 
a factor of two from the predictions of collective models (31,32,114,115). 
Then, in 1967 the electric field gradient was recalculated and found to be 
smaller than previously assumed (l l6). The revised experimental quadrupole 
moment is now Q,^^^=5.26±.30 fm^ which is in good agreement with the predic­
tions of various collective models. 
Several attempts have been made within the past f ifteen years to ex»-
Q 
plain the properties of Be using modified %-particle calculations that are 
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somewhat different from those of the Nilsson model. The results are quite 
successful, and an accurate value for the separation distance between the 
two alpha particles can be obtained from this work. Therefore, a brief re­
view of these calculations should be included in the present work. In 1958, 
Blair and Henley (117) proposed a "strongly-coupled c^-particle model" for 
g 
Be by assuming the Hamiltonian and wavefunctions to be of the form 
/), ULtO + (4 57) 
and 
< r 1  %  z * ? ;  / f r ^ î >  =  / i l l i  R ( c e ) f  ^  ^  ( ' )  ^  1  ( 4 . 5 8 )  
/ L ' 
where R(d) is the vibrational function of the two alphas with d being the 
inter-alpha distance, and Ç (r) the neutron wavefunction referred to the 
Am 
body coordinate system. As in the Nilsson model, this model is capable of 
p r e d i c t i n g  t h e  e x p e r i m e n t a l  3 / 2  ( O . O  M e V ) ,  5 / 2 ' ( 2 . h 3  M e V ) ,  a n d  7 / 2  (6.76 
MeV) levels as rotational states built on a deformed K=3/2' band with a ro­
tational parameter Aj=0.48 MeV. Using this value, they then treated the 
core as a rigid rotor of points-particles and found the alpha separation to 
be d=4.6 fm. (if one includes the finite rms radius of the alpha particle 
in the calculations, the separation distance is reduced to d=3.8 fm.) They 
also estimated the separation distance by developing an approximate theory 
for the alpha scattering cross-sections. By comparing their theory to the 
inelastic scattering data for the excited 5/2" state, they found best agree­
ment with d=5.4 fm. This large value can be attributed partly to centripe­
tal distortion and also to the quite drastic approximations that went into 
the theory. More recently, at least two other authors have used these wave-
functions to calculate the elastic electron scattering cross-section curve 
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using the same method as derived in Section I IE. The best agreement with 
experiment is obtained with d=3.8 fm which corresponds to a static quadru-
pole moment of (31,32); this value is in good agreement with 
the most recent value determined from the hyperfine splitting as noted ear­
l ier. 
One other type of ot-partic1e was formulated by Kunz (l l8) in I960 who 
assumed a realistic Hamiltonian for ^Be of the form 
H ,  ik .SS)  
where K is the neutron energy, V(r,c) is the interaction of the neutron with 
the c(-core, and H(c) is the Hamiltonian of the core. A few years later, the 
model was improved by the addition of a phenomenological x-oC interaction to 
the core Hamiltonian (119). The energy levels were then found by variation­
al techniques with no free parameters. Besides obtaining fair agreement 
with the position of the experimental levels, the static quadrupole moment 
was found to be 4.6 fm , and the magnetic moment^=-1.21^'^, both of which 
are close to the experimental values (120). Such realistic calculations as 
these are not justified for higher A=4N+1 nuclei because the alpha clusters 
in this theory are considered as stable entities within the nucleus. Our 
previous work on the A=4N nuclei in Chapter I I indicates that this approxi­
mation is most l ikely not valid for A2l2. 
E. Symmetry for the Mass A=13 Nuclei 
1. Constructing the basis functions 
Perhaps the easiest way constructing a set of basis vectors for is 
to consider the analogous spinors for one of its cover groups, . In the 
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last chapter, i t was shown that the basis states for could be written 
as 
These spinors will automatically be basis functions for one of the three 
iR's of and the appropriate IR label for each spinor can be found 
from Table 4.4. By arbitrarily choosing one of the three 2-fold symmetry 
axes of the triangular-shaped core to coincide with the body-fixed x axis, 
we find from Equation 3 36 that all three double-valued IR's of will 
have the same matrix representation for namely . The trace of 
this matrix is zero, which agrees with the corresponding three characters 
of the D_, character table (Table 4.2). 
3h 
The above matrix for gives only the relative phase between the two 
components of the spinor, and therefore does not uniquely determine the ba­
sis functions. The final construction, however, can be easily accomplished 
by arbitrarily choosing an exact form for one of the many possible basis 
states of each IR. We shall therefore simply construct the three "defin­
ing" basis spinors to be 
I ^  777 \ / I >''^2. 
for ^2, and 
(4.62) 
1 +>y 
for r^. It should be noticed that the defining relations were performed on 
the spinors with the smallest value of j  and |mf for each IR, and that the 
above three relations are consistent with the relative phase given in Equa­
tion 4.60. We now employ a relation from group theory which states that if 
H is invariant under all operations of a group, and if /I is a basis func­
tion of the irow in the IR, then (30, p. 166) 
.  (4.64) 
That is, the matrix element can be nonzero only if the wavefunctions are 
basis states of the same row of the IR, as well as the same IR. A careful 
analysis of the most general particle Hamiltonian one can construct having 
symmetry (c.f. Equation 4.5) shows that the matrix element 
can be nonzero only if (a) |m'-m| is an odd multiple of three and Trir'=-1 , 
or (b) I m -mj is an even multiple of three and f^fr=+1 . Using this restric­
tion along with the defining basis functions of Equations 4.6l, 4.62, and 
4.63, we can readily tabulate the particle wavefunctions as shown in Table 
4.6. Only the parity and magnetic quantum numbers of the top component of 
each spinor are shown. Any additional information that could be given 
would be redundant because all j>/m/ are allowed for each IR, and the bot­
tom component of the spinor is always given by (-)-'^' '^^| j  ,-m,77'^. Using the 
information of Table 4.6, we can now classify the wavefunctions of the 
spherical harmonic oscillator as basis functions of the D point group. 
3h 
Til i3 CIdiiir ica tion can be readily accomplished it we remember that parity 
Tabic 4.6. The top component of the spinor belonging to the IR can have only the quantum num 
bers m and IT given below. All j>jm| are allowed for each m. 
'7 
1 
i 
m 1/2 -5/2 7/2 -11/2 13/2 -17/2 
i r  + - - + + -
i 
/; ; m 
r r  
1/2 -5/2 
+ 
7/2 
+ 
-11/2 13/2 -17/2 
+ 
r, : 
1 
m 
T 
3/2 
! 
1 
-3/2 -9/2 
+ 
9/2 15/2 
+ 
-15/2 
I6l 
ji 
for these wavefunctions goes as (-) . The results are given in Table 4.7. 
Again, only the quantum numbers of the top component of each spinor are 
given for each eigenstate. The diagonalized particle wavefunctions for a 
particular set of deformation coefficients can now be given as 
A,-o • 
where the sum need only be carried out over quantum numbers belonging to 
the IR of interest. 
The particle Hamiltonian that we shall consider for the mass A=13 sys­
tem can be obtained from Equation 4.5 and Table 4.1, and is 
Hp = a -2 . (4,66) 
-,v 2 
The terms andJ.iXi were included in some of the calculations, but 
neither of them made any substantial improvement in the final energy levels, 
and so they will not be included in the present work. 
Figure 4.1a shows the lower ten particle states that arise from a typ­
ical diagonalization of the particle Hamiltonian among the spherical states 
up through the N=3 oscillator shell. From Table 4.7, we see that the ma-
tricies are never larger than 7x7, and the calculations can be carried out 
quite rapidly. The parameters and^ are chosen to be -0.4, 0.075, 
and 0.0 respectively, so that when y$^=0.0, the energy levels degenerate to 
t h o s e  s h o w n  i n  F i g u r e  3 - 1  f o r  t h e  s y m m e t r i c  r o t o r .  N o t i c e  t h a t  a s i s  
increased, the second energy level of is forced below the third level 
and becomes the lowest possible excited particle state that the extra-core 
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Table 4.?. The allowed quantum numbers for the top component of the spinor 
basis functions of the spherical harmonic oscillator, iN^sjm"), 
are presented for each IR of up through the i>i=5 oscillator 
shell. Only the states above the dashed l ine were included in 
most of the calculations. 
Bas i s 
function 
number N X  
/ t  
j m N Jl 
/7 
J m N -e J m 
1 0 0 1/2 1/2 1 1 3/2 1/2 1 ) 3/2 -3/2 
2  2 2 5/2 1/2 1 1 1/2 1/2 2 2 5/2 3/2 
3 2 2 3/2 1/2 2 2 5/2 -5/2 2 2 3/2 3/2 
4 2 0 1/2 1/2 3 3 7/2 1/2 3 3 7/2 -3/2 
5 3 3 7/2 7/2 3 3 5/2 1/2 3 5/2 -3/2 
6 3 3 7/2 -5/2 3 1 3/2 1/2 3 1 3/2 -3/2 
7 3 3 5/2 -5/2 3 1 1/2 1/2 4 4 9/2 3/2 
8 k  4 9/2 1/2 4 4 9/2 -5/2 4 4 9/2 -9/2 
9 k  4 7/2 1/2 4 4 9/2 7/2 4 4 7/2 3/2 
10 4 2 5/2 1/2 4 4 7/2 -5/2 4 2 5/2 3/2 
11 4 2 3/2 1/2 4 4 7/2 7/2 4 2 3/2 3/2 
12 4 0 M l  M l  4 2 5/2 -5/2 5 11/2 -3/2 
13 5 5 11/2 -5/2 5 5 11/2 1/2 5 5 n /2 9/2 
14 5 5 11/2 7/2 5 5 11/2 -11/2 5 5 9/2 -3/2 
15 5 5 9/2 -5/2 5 5 9/2 1/2 5 5 9/2 9/2 
16 5 5 9/2 7/2 5 3 7/2 1/2 5 3 7/2 -3/2 
17 5 3 7/2 -5/2 5 3 5/2 1/2 5 3 5/2 5/2 
18 5 3 7/2 7/2 5 3 3/2 1/2 5 1 3/2 -3/2 
19 5 3 5/2 -5/2 5 1 1/2 1/2 
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N  =  5  N  = 3  
0.0 0.2 0.4 0.6 
(0, 
Figure 4.1. Energy levels of the particle Hatni1 tonian plotted as a func­
tion of the deformation parameter• The diagonalization was 
carried out among all basis functions below the (a) N=3 and 
(b) N=5 oscillator shells. The other parameters used are 
X=0.075, and/^=0, and are chosen so that when,#3=0.0, 
the levels degenerate to those of Figure 3-1 th JS ^ =0 ,k), 
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particle can occupy. An examination of the final energy levels plotted for 
a typical set of parameters (as presented in Figure 3.3) shows that this 
rearranging of particle states will alter the spins and energies of the 
lowest-lying theoretical states. It will be shown later that the only re­
quirement needed for obtaining favorable agreement between the experimental 
and theoretical energy levels is that the second particle level must be 
about 0.10&W above the second level without having any additional parti­
cle levels in the same energy region. After several computer runs, i t was 
found that the Nilsson model alone could not account for this level spacing 
of the particle levels, and for this one reason, the DAP model was found to 
give a definite improvement over the Nilsson model for the energy spectra 
of the A=13 nuclei (as will be shown shortly). This result is somewhat 
surprising, since before the calculations were made we expected that the 
main improvement offered by the UAP model would be caused from the addi­
tional energy levels which arise due to the reduction in core symmetry (as 
indicated by the dotted lines in Figure 3.3). However, these additional 
levels were found to be of secondary importance when comparisons with ex­
periment were made. 
Figure 4.1b shows the same ten particle states as before, except now 
the d(agonalization is performed among all spherical basis states up through 
t h e  N = 5  o s c i l l a t o r  s h e l l .  F r o m  T a b l e  4 . 7  w e  f i n d  t h a t  t h e  m a t r i c e s  w i l l  
now include up to 19 basis states. Notice that there is considerable vari­
ance in the energy levels of the two graphs, particularly at large values 
o f  ; 9 ^ .  H o w e v e r ,  a f t e r  c o n s i d e r a b l e  c a l c u l a t i o n ,  i t  w a s  f o u n d  t h a t  t h e  f i -
nâi âyrccmcnt w i  LU cXpcrimcuL Wci5 UÙL nOtiCcouiy iiTiprOvcd whcfi tu i 5 cX " 
panded basis was used. Therefore, our present calculations will include 
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only the smaller basis. It will soon be shown that such an approximation 
allows the computations of the final energy levels to be carried out in a 
much shorter time. 
By arguments similar to those used in obtaining Equation 3.50, we can 
show that the final Hamiltonian must be diagonalizied among coupled basis 
functions of the form 
(4.67) 
where is the energy level with the IR lable /T. Again, as explained 
for the symmetric rotor, we l imit the particle eigenstates, /T, allowed in 
the final diagonalization to be those that are accessible to the extra-core 
nucléon. The quantum numbers IK that are allowed in Equation 4.63 for a 
particular /I are again easily found by group theory- For the present, we 
merely state that the above wavefunction has the correct symmetry whenever 
the quantum numbers K and V have the same values as do m and T in Table 4.6 
2. Matrix elements of the total Hamiltonian 
12 Since the C core is a symmetric top, we can write the total Hamil­
tonian as 
H= A, -h • (4.68) 
However, in Chapter i l  it was found that the two rotational parameters for 
12 the collective Hamiltonian of C had to be nearly equal in order to f it 
the observed spectrum (as was shown in Table 2.9). If we assume this equal-
i Ly hoidb for the mass A=13 nuclei, we can ignore the Second Lci'm and wT i te 
the HamiItonian as 
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, (4.69) 
where 
;/(. = /), ,4, + -2 4 . (4.70) 
This approximation does not simplify the calculations considerably, but i t 
does introduce one less parameter which is desirable. By introducing the 
quantities 
^/i" ( 
and (4.71) 
in = iy i  ) ' 
and defining a dimensionless variable c>(^ as 
(X/ = . (4.72) 
we can rewrite Equation 4.70 as 
i i  -t  - i -a f  ^ i - )J . (4.73) 
Since the particle Hamiltonian has already been diagonalized, the ma­
trix elements of the second term in Equation 4.69 may be written as 
<  M ' / / A ' ^ / .  ( 4 . 7 4 )  
Matrix elements involving are much more tedious and can be found from 
Equations 4.67, 4.73, D9, and DIG as follows: 
< C- ^  «Y ; I t^ ' l^ynj  N,. !  0,cf ;  IHl  I /yty 
= - ^ ^ a *  c .  
^  (A/Is^yn) C^Ji 's^ ' r r , ' )  C. /VAS^y^) 
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where 
X <M' je. 's  Y  ^ rr> ' ;  H AZx,)» 
+ H 'zyvi iHcl^- fs^mi-zrr^y 
•hlrO ' <f'-i-'s'4r'^ ';-K'TAt j J yV£s^YniK,Tyt1> 
+ C-J-^-^ '«7;  / r ' r^  / He. I  A/J is^, '^ : -Hr>uiy '  J (4.75) 
X [  IzCn-O+iCirû-^ i^-^}  
+ ^^,-m/C-;  [ rcr i -o *^Ci+0~z /<'V] 
- S*;*„ qPO^*; fCgu") 
J. (4.76) 
The quantities involving (P(j,±m) and <p(I,±K) arise by noting the analytic 
forms (121, p. 91) of the CIebsch-Gordan coefficients that occur in matrix 
elements of the form <^K I  M ;N Jl s j  m |  lyj.^ |  KIM;N^sjm^. Even though 
these matrix elements are elementary to solve, the calculation stil l re­
quires considerable computer time because of the double sum over the spher­
ical quantum numbers (Nj?sjm). Therefore care must be taken not only in 
choosing the maximum size of the particle basis function, but also in de­
ciding how many of the accessible energy levels will be allowed in the f i­
nal calculations. The former determines how long the computer will take 
solving each mafrix element while the latter is related to the number of 
matrix elements that must be determined before the diagonalization can take 
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place. The last three columns of Table 4.8 show the number of basis states 
that are allowed in the final diagonalization when the single-particle lev­
els made accessible to the extra core nucléon are limited to (a) all levels 
with N^5, (b) all levels with Ns3, and (c) only the lower three levels for 
each IR. The purpose of the table is merely to i l lustrate how the number 
of basis states increases with increasing I, and so only the positive par­
ity states with 1^5/2 are shown. 
Figure 4.2 shows the final energy levels plotted a> a function of the 
rotational parameter .  The particle basis is truncated at the N=3 shell, 
and only the three lowest extra-core particle states are allowed for each 
nucléon. The parameters are chosen in such a way that when QC^=0, the ener­
gy levels degenerate into the levels of Figure 4.1a with ^ 9^=0.6. Figure 
13 13 4.3 shows the experimental levels of C and N normalized to the theoret­
ical energy scale parameter A reasonable value for can be obtained 
from the rule (107, p. 18) 
-Hco^ 9-/ '  (4.78) 
where A is the atomic mass of the system. Inserting A=13 into the last 
equation gives #w%17MeV. 
Notice that the ordering of the six lowest theoretical levels is in 
agreement with experiment when is larger than 0.06. It was found that 
such agreement could be obtained whenever the lowest two accessible parti­
cle states wereand/j' respectively, with an energy difference of about 
0.1The energy spacing is not too good; however, this can be improved 
169 
Table 4 . 8 .  The values of K and / j  which are allowed in the coupled basis 
function of Equation 4.6? are tabulated for various values of 
1^. Only positive parity states are shown with 165/2. The 
last three columns show the number of basis states that occur 
when the single-particle levels accessible to the extra-core 
nucléon are limited to (a) all levels with N<5, (b) all levels 
with Ns3, and (c) only the lower three levels of each IR. Also 
shown are the total number of basis states that must be used in 
the final diagonalization for each of the three cases. 
1 ^  K  r  ( a )  ( b )  ( c )  
I 
J I  ^ 6 3 
Total number of basis states: 18 6 3 
T J 18 6 3 
I  q u. J. I  
Total number of basis states: 35 11 6 
5"^  1 
2  1 8  6  3  
I G '7 5 3 
2 q 11 A I  
-5 
Total number of basis states: 53 17 9 
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3.6 
3.4 
111 
3.0 
2.8 
0.02 0.04 0.06 0.08 
a , — 
Figure 4.2. Final energy levels expressed in units of as a function of 
the rotational parameter oC^ .  For simplicity, the levels are 
denoted by (21)'"'. The particle parameters areyg-^'O-^, 
yg^=0.0, X-0.075, and/u.=0.0. 
10 15 20 25 
fi w (MeV) — 
10 15 20 25 
l icu(MeV) — 
t- igure 4.j. .  1^ 11_ Experimental energy levels of 'N and "C expressed as a func­
tion of the energy scale parameter7^. Levels are again de­
noted by (21)^. 
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When the entire set of extra-core particle wavefunctions with N 3 were 
included as accessible states for the last nucléon, i t was found that all 
of the final energy levels were lowered by a small amount. Fortunately, 
the relative spacings of the levels were perturbed very l itt le by this ex­
panded basis, so that such calculations will not be considered further. 
Also, several computer runs were performed using all particle states less 
than N=5 !n the particle Hamiltonian, but sti l l l imiting the accessible par­
ticle states in the last diagonalization to the three lowest ones for each 
IR. Since the number of particle bases states per IR is now 18 or 19 (in-
stead of 6 or 7 for N£3), i t takes the computer roughly (19/7) %8 times as 
long to calculate each matrix element. After considerable calculation, i t 
was found that l itt le or no improvement was obtained with this extended ba­
sis. 
3. Calculating transition matrix elements 
After the total Hamiltonian has been diagonalized, the final wavefunc-
tion will be of the form 
The quantum number K is allowed only those values given in Table 4.6, and Q 
is a cardinal number that distinguishes wavefunctions of the same I . 
The theoretical reduced transition matrix elements are then of the 
form 
I  M = 
t  (4.79) 
^ yï ^ + C-; s 
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/^V'JL S y 'm' j  H 'x ' I l  -X (J i ) I I  msj  yn ; /fx> + C-; ^  "  * '^*^<^a/ ' j .  5 V/"" L" -f'r'll^ W H/ZJisp-r, 
where the reduced matrix elements inside the curly brackets for the various 
operators can be obtained from Equations 4.48 through 4.56. 
In the last part of this section, various reduced matrix elements 
among the lowest four energy levels will be calculated and compared with 
experiment. Because of the quadruple sum in Equation 4.80, some of the re­
duced matrix elements will involve finding around 2000 individual terms. 
However, such a computation presents no difficulty because the transition 
matrix elements are calculated only once after the best agreement with the 
experimental energy levels has bas been obtained. 
4. Results for the mass A=13 nuclei 
The actual computer computations involved in the calculation can be 
conveniently summarized from the flow chart diagram of Figure 4.4. The 
boxed terms characterize individual computer programs that were written, 
while the quantities enclosed in square braces represent calculations which 
were transferred by cards to other programs. Finally, the information in­
side the curly brackets indicate the theoretical calculations which can be 
compared directly with experiment. Using such a procedure, one must f irst 
vary the parameters of the theory to obtain the best agreement possible be­
tween the theoretical and experimental energy levels. The validity of the 
model can then be further tested by using the resultant eigenvectors to 
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Computation of 
radial matrix 
elements 
Diagonalization 
of particle 
HamiItonian 
Computation of 
spherical matrix 
elements 
particle eigenvalues 
and eigenvectors 
Final diagona1ization 
of 
total HamiItonian 
Compare eigenvalues 
with experimental 
energy levels 
nal eigenvectors ] 
Calculation of 
theoretical reduced 
matrix elements 
Comparison of reduced 
tmatrix elements with experiment 
Figure 4.4. Flow chart showing actual method used in the calculations. 
Boxed terms represent individual computer programs, and the 
square-braced terms indicate card output which is fed into 
next program. Finally, the terms in the curly brackets 
represent theoretical results which can be compared with 
experiment. 
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compute various reduced matrix elements. These matrix elements can then 
also be compared with experiment. 
The results for the mass A=13 system are encouraging, but somewhat in­
conclusive. Although five variables {tuJ, oC^, Py and^( ) were allowed in 
the calculation, we were unable to obtain excellent agreement with the ex­
perimental levels for any reasonable values of the parameters. However, 
quite good agreement with experiment could be obtained equally well with 
several different sets of variables. In some ways, this latter point is a 
desirable trait of the model, because it implies that the actual number of 
independent parameters is less than five. It also offers a distinct disad­
vantage, since it means that it is very difficult to find a unique point in 
the five parameter space which gives the optimum agreement with experiment. 
Thus, within the framework of the present model, the shape of the nuclear 
core will remain largely an indeterminant. 
The number of genuine, independent parameters in the system can be 
found by a careful analysis of numerous final diagonalization curves such 
as the one shown in Figure 4.2. As has been mentioned before, the only 
definite criterion for obtaining good agreement with the eight lowest ob­
served levels is that the energy separation between the two lowest particle 
levels accessible to the extra-core nucléon be approximately O.IOl^f^. Such 
a separation distance can be produced in the particle Hamiltonian by a va­
riety of parameters. In fact, any two of the three particle parameters 
^^2* Py can be arbitrarily chosen to have reasonable values, and 
the third can then be varied in order to produce the desired separation 
uisldiioc. i l l aduilion, a degenerate relation also occurs among the last 
two var iables and as can be seen by compar ing Figures 2.2 and 2.3. 
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So, in reality, only two of the parameters need to be varied in order to 
obtain good agreement with experiment. 
Although Nilsson (107) used X=0.05 for the Ip and 2s-ld shell in his 
original paper, more recent calculations (122-124) indicate that a value of 
3(.=0.08 may be more realistic for nuclei in the 2s-1d shell. Stil l other 
authors have allowed X to vary considerably for different nuclei within the 
2s-1d shell (125,126). Since the Nilsson model yields levels in poor agree­
ment with experiment for much of the Ip shell, i t is difficult to estimate 
what X should be from past calculations. A reasonable estimate, however, 
can be derived from the observed energy separation of the and P|. states 
in high energy p-p scattering from ^^0. Such experimental data (127) indi­
cate that the and Fx states are bound with energies of 12.4 and 19.0 MeV 
respectively. If one considers '^0 to be a spherical nucleus, the energy 
separation, 6.6 MeV, may be attributed entirely to the spin-orbit splitting. 
From Equation 3-30, we find that the relevant equation for this case is 
= . (4.8l) 
Taking j^i£«'=l6.5 MeV, which can be shown from Equation 4.78 to be appropriate 
for ^^0, we find that the spin-orbit parameter is)L=0.134. in the present 
work, we shall l imit our value of Xto 0.15. 
The f irst calculations were attempted by arbitrarily choosing ^'fand 
to be 17 MeV and 0.15 respectively, and allowing the parameterto vary 
in steps of 0.1 between 0.0 to 0.8. The final two parameters,snd 
were then varied to obtain the optimum agreement with the experiment levels. 
Tho Koc^ an ««isc arhîawaH i.i î +- K Q = A ix û ss—0 ^0 an/H 0 0 . OA a Q î C 
shown in Figure 4.5. Another set of parameters which gave nearly as good 
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Figure 4.5. The experimental levels of and are compared to the 
theoretical levels of the UAP model when Tico is arbitrarily 
chosen to be 17 and 12 MeV respectively. The levels are 
again denoted by 21^. 
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results was ^6^=0.5, and .05^-.06. in order to see how sensitive 
the agreement was with different energy parameters, we next arbitrarily 
chose to be 12 MeV, and carried out the same f itt ing procedure. Again 
good agreement was obtained for 0.4^^^i0.06, and the best set of parameters 
was found to be p and 0.075^^^=0.085 (as also shown in Fig­
ure 4.5). Both sets of theoretical curves agree about equally well with 
experiment. 
The f itt ing procedures were done by visual means. A chi-squared f it 
would be impractical in the present calculations for several reasons, such 
as : 
1. The model has five parameters, and we could easily have introduced 
three more. A chi-squared f it to such a problem, considering the computer 
time involved, would have been prohibitive. 
2. interactions not included in the model (such as pairing effects, 
alpha correlations, particle-hole couplings, vibrations of the core, etc.) 
would be expected to perturb the levels somewhat. Such corrections in the 
theoretical level spectrum could render a chi-squared f it useless. 
3. Other approximations were introduced after the Hami1 tonian had al­
ready been formulated. For example, the particle basis states were trun­
cated at the N=3 oscillator shell, and only the three lowest particle states 
acessible to the extra nucléon were allowed in the final diagonalization 
prog ram. 
4. At least eight experimental levels would have had to have been 
used in the fitt ing procedure, and a weighting factor would have had to 
hzvs been cGcigr.cd to each cf these levels. 
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Because of these difficulties involved in the chi-squared fitt ing pro­
cedure, i t would be almost impossible to decide which of the of the two 
theoretical energy curves in Figure 4.5 is the more physical from energy 
considerations alone. A more realistic approach to the problem would be to 
compare the theoretical reduced matrix elements with the corresponding 
experimental quantities. Table 4.9 shows various experimental gamma decay 
13 13 
widths among the four lowest states of C and N which were taken from 
two review articles (44,128). Nearly all of the higher lying states decay 
by particle emission. The last two columns show the reduced transition 
probability which can be calculated by means of Equations 4.9, 2.81, and 
2.82. 
The reduced matrix elements were calculated for the four sets of param­
eters shown in Table 4.10. The energy levels for all four sets of parame­
ters are drawn in Figure 4.4. For completeness, we shall also present the 
eigenvectors for the four lowest theoretical states which are used in the 
calculations. From Figure 4.4, we see that these levels have 1^=^ '  , 
3" g+ 
— , and — respectively. From Equations 4.6? and 4.79, we see that the f i­
nal wavefunctions can be written as 
where 
In analogy to Equations 3.39 and 3.40, we note that the coefficients in the 
last equation may also be expressed as 
(4.84) 
1 3 Table 4.9. Reduced transition probabilit ies and reduced matrix elements for the mirror nuclei •'C and 
13%. Experimental data for 'c is shown above dotted line and data is below the l ine. 
In i t ia l  s ta te  F ina l  s ta te  Type o f  
(L ' ^ -MeV)  (L^ -MeV)  t rans i t ion  
Wid th  
(ev)  
Reduced t rans i t ion  p robab i l i t y  
(e  fm or jur fm ) (Weis l<opf  un i ts )  
Y  -3 -086 
f  -3 .684 
0 . 0  
f  -3.854 
Y "3.086 
y - 0 . 0  
2 -3 .684 
,+  
-3 .086  
Y  0 . 0  
El  
E l  
Ml  
E2 
E l  
E2 
M2 
E3 
.kktO.Ok 
(2 .9± .4 ) I0 "^  
.44±0.04  
(3 .é± .4 )10 '3  
(3 .3±1 .2)10"^  
(8 .4±3 .2) I0 "^  
(5 .9±2 .0) I0  -5  
(7 .9±4 .7)10  -7 
.0143+.0013 
.01301.0010 
•7621.069 
6 .577* .730 
.0064+.0023 
3 .90± l .48  
7 .80±2.64  
III.0+66.0 
.03251 .0036  
,0226  
1 .301  
< 398.5 
.0401.004 
.0361.005 
.4261.039 
3 .461.384 
.0181.006 
2 .051 .78  
.8611 .291  
11 .0516 .57  
.0921 .010  
.0638  
.727 
<43.0 
2 -2.366 
I  -3.51 
f -3.55 
2  - 0 . 0  
2 -2.37 
2  - 0 . 0  
Y -0 .0  
El  
E l  
Ml  
M2 
.4510.05 
.035 
.65 
< 2.0x10 -3  
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Table 4.10. Various sets of parameters which yield energy states in good 
agreement with experiment. 
^3 X (MeV) ^1 
-0.38 0.5 0.15 12 0.075 
-0.38 0.5 0.15 12 0.085 
-0.50 0.4 0.15 17 0.050 
-0.50 0.4 0.15 17 0.060 
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and 
lMs^.-'^> . (4.85) 
The coefficients therefore depend only on the particle parameters, 
and they are tabulated In Tables 4.11 and 4.12 for the two sets of particle 
parameters given in Table 4.10. The coefficients are also tabulated 
In Tables 4.13 and 4.14. The reduced matrix elements can now be calculated 
In a straightforward manner, as has been previously described. 
13 13 The observed values for the magnetic dipole moments of C and N are 
(128) 
z<r7 f 3 y/ j: o.oo oo o a 
(4.86) 
and 
=  - ( o - 3  a ^ ± o. 0003 $• , (4.87) 
respectively. The theoretical values for these quantities are found from 
Equations 4.11, 4.12, 4.17» 4.19, and 4.30. The result Is 
= (-X o tC<3s-3^yslj^r?} , (4 .88) 
which simplifies in the present case to 
^ Se < II  ^  II  y  + C^jt  -Jc)  < H-l  I I  >  + ^ 
Remembering that g^=l/2 and that g^ and g^ are given In Equations 4.20 
and 4.21, we find that the theoretical magnetic dipole moments are 
= yp jo.sô0 < i ! r i i  >  -  o.soo^/ f£ i i ;^  -3.S 3C, c i l  S/ />J 
for and 
. J82 
i f 
Table 4.11. The coefficients C(N4sjm) tabulated for the three lowest 
extra-core particle states of each IR when the particle param­
eters^ 2~"®' 38. >63=0.5, andJ(=0.15. For clarity, the spher­
ical quantum numbers are expressed as N,^, 2j, and 2m. The 
constant value of S"1/2 is not Included. 
N 2 j  2 m  ( / ; ,  1 )  cr ; ,  2 )  (^, 3) 
0  0  1  1 0 . 1 6 9 2  - 0 . 0 0 5 9  -0.0427 
2  2  5 1  0.5445 - 0 . 6 9 7 3  -0.2335 
2  2  3 1  0 . 1 3 8 8  0.3942 -0.0154 
2  0  1  1  0.6413 0.3771 0.4907 
3 3 7 7 -0.4236 - 0 . 3 1 7 7  0.6947 
3 3 7 -5 0 . 1 9 0 3  - 0 . 3 3 1 3  0.4151 
3 3 5 -5 O . I 6 9 5  0 . 0 7 4 1  0.2184 
1 )  2 )  ( q ,  3) 
1  1 3 1  0 . 6 2 0 9  - 0 . 1 0 2 2  0.0799 
1  1  1  1 0.6460 0.6096 - 0 . 0 0 1 8  
2  2  5 -5 -0.4161 0.7655 0 . 1 9 8 8  
3 3 7 1  -0.0476 -0 . 0 8 1 4 0.7531 
3 3 5 1 - 0 . 0 9 7 2  - 0 . 0 0 1 8  - 0 . 0 1 9 0  
3 1  3 1 0 . 1 0 0 1  - 0 . 0 9 8 5  0.5934 
3 1  1 1 -0.0477 0.1249 -0.1858 
( q .  1 )  2 )  (Ç 3) 
1  1  3 -3 0.2452 -0.1741 0.0040 
2 2  5 3 - 0 . 9 0 5 2  0.3211 - 0 . 1 7 8 3  
2  2  3 3 -0.1867 0.7811 0.4634 
3 3 7 -3 0.2005 -0.0994 0.6934 
3 3 5 -3 0 . 0 6 9 7  0.1694 0.0455 
5 1 5 -3 0.2013 -0.4665 û.520i 
n 
0 
2 
2 
0 
3 
3 
3 
1 
1 
2 
3 
3 
1 
1 
1 
2 
2 
3 
3 
1 
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F, <K 
The coefficients are tabulated for the three lowest 
extra-core particle states of each IR when the particle param­
eters are andDt=0.15-
2j 2[n 1 )  cr, 2) (r, 3) 
1 
5 
3 
1 
7 
7 
5 
1 
1 
1 
1 
7 
-5 
-5 
0 . 1 6 7 9  
0 . 5 3 2 3  
0.1472 
0.6642 
- 0 . 4 1 7 8  
0 . 1 6 5 8  
0.1537 
- 0 . 0 1 0 7  
-O . 6 6 8 7  
0 . 3 7 6 6  
0 . 2 3 3 9  
-0.4854 
-0.3470 
0.0110 
-0.0338 
-0.2455 
+ 0 . 2 6 7 9  
-.5259 
O . 7 2 8 O  
0.1079 
0.2204 
(Z^, 1) (q, 2) (q, 3) 
3  
1 
5  
7  
5  
3  
1  
1  
1 
- 5  
1  
1  
1  
1  
0 . 6 2 8 2  
0 . 5 6 9 5  
- 0 . 5 0 1 1  
- 0 . 0 7 1 7  
- 0 . 1 0 8 6  
0.1040 
-0.0482 
0 . 0 0 3 2  
0 . 6 5 3 5  
0.7462 
-O . O 6 7 7  
- 0 . 0 3 9 7  
- 0 . 0 5 0 1  
0 . 0 8 6 9  
0 . 1 0 7 5  
-0.0402 
0.1713 
0 . 6 6 1 1  
-0.0572 
0.6491 
- 0 . 3 0 9 5  
{Ty 1) (/^, 2) (r, 3) 
3 
5 
3 
7 
5 
3 
-3 
3 
3 
-3 
-3 
-3 
0.2284 
0 . 8 9 2 0  
• 0 . 2 8 8 7  
O . I 6 1 9  
0.0474 
0 . 2 0 1 2  
- 0 . 1 5 1 8  
0.4006 
0.7443 
- 0 . 1 2 2 9  
0.1534 
- 0 . 4 7 3 2  
0 . 0 3 8 3  
- 0 . 0 8 0 7  
0.5346 
0 . 5 6 6 7  
0 . 0 2 1 5  
0 . 6 2 0 1  
Table 4.13. The coefficients , «( K are tabulated for the four lowest states (denoted by I^) for 
two values of the rotational parameters c<p The other parameters are /S2=-0 .38, ^3=0.5, 
andX=0.15. The values for Q and K are not given since Q=1 for the four states of in­
terest, and the values for K can be found from Table 4.8. The eigenvectors do not de­
pend upon 
( i j .  o ( )  
r  
2  
^ 1 =  
1 +  
2  
0 . 0 7 5  
3 "  
2  
5 +  
2  
1 '  
2  
^ 1 =  
1 +  
2  
= 0 . 0 8 5  
3 "  
2  
5 +  
2  
( r , .  1 )  0 . 0  0  . 9 7 5 4  0 . 0  0 . 5 8 8 8  0 . 0  0 . 9 6 9 1  0 . 0  0 . 5 6 7 8  
( q ,  2 )  0 . 0  0  . 1 5 0 7  0 . 0  - 0 . 2 2 4 7  0 . 0  0 . 1 7 0 6  0 . 0  - 0 . 2 4 2 1  
( q .  3 )  0 . 0  0  . 1 6 1 1  0 . 0  - 0 . 0 2 5 9  0 . 0  0 . 1 7 8 0  0 . 0  - 0 . 0 3 5 1  
( / - 2 .  1 )  0 . 9 1 7 2  0  . 0  0 . 9 7 2 0  - 0 . 3 9 3 5  0 . 9 0 9 2  0 . 0  0 . 9 6 9 2  - 0 . 3 7 7 1  
( / 2 .  2 )  0 . 3 9 7 4  0  . 0  0 . 2 1 1 1  0 . 4 3 1 5  0 . 4 1 5 2  0 . 0  0 . 2 2 0 8  0 . 4 4 7 1  
( q .  3 )  0 . 0 2 9 8  0  . 0  0 . 0 5 0 0  0 . 0 2 9 9  0 . 0 3 1 5  0 . 0  0 . 0 5 5 7  0 . 0 3 3 1  
( J y  1 )  0 . 0  0  . 0  0 . 0 8 8 7  0 . 5 0 1 3  0 . 0  0 . 0  0 . 0 9 1 3  0 . 5 1 4 7  
( / y  2 )  0 . 0  0  . 0  - 0 . 0 1 7 5  0 . 0 8 8 9  0 . 0  0 . 0  - 0 . 0 2 0 8  0 . 0 9 2 6  
( l y  3 )  0 . 0  0  . 0  0 . 0 0 2 6  - 0 . 0 3 2 1  0 . 0  0 . 0  0 . 0 0 4 5  - 0 . 0 3 6 5  
Table 4.14. The coefficients B/2,ot are tabulated for the four lowest states (denoted by j ') for 
t w o  v a l u e s  o f  t h e  r o t a t i o n a l  p a r a m e t e r  .  T h e  o t h e r  p a r a m e t e r s  a r e  5 0 , ^ ^ = 0 . k ,  
andX=0.15. Again, the redundant values for Q and K are not given. 
(/•j.^) 
r 
2  
1+ 
2 
= 0 . 0 5 0  
3 "  
2 
5+ 
2 
r  
2 
1+ 
2 
= 0 . 0 6 0  
3 "  
2 
5+ 
2 
(/ '. 1) 0 . 0  0.9819 0 . 0  0.4943 0 . 0  0.9867 0 . 0  0.4948 
(/-, 2) 0 . 0  0.0513 0 . 0  -0.1631 0 . 0  0.0398 0 . 0  -0.1426 
3) 0 . 0  0.1825 0 . 0  -0.0194 0 . 0  0.1577 0.0 - 0 . 0 1 1 3  
1) 0 . 8 7 6 1  0 . 0  0 . 9 4 5 9  -0.5136 0 . 8 9 1 8  0 . 0  0 . 9 5 5 3  -0.5574 
(/". 2) 0.4814 0 . 0  0 . 3 0 9 4  0.5049 0.4518 0.0 0 . 2 8 1 7  0.4886 
( '], 3) 0 . 0 2 6 0  0.0 0.0464 0.0274 0.0237 0.0 0 . 0 3 9 7  0.0241 
(], 1) 0.0 0.0 0.0840 0  4 4 7 1  0.0 0.0 0 . 0 7 9 7  0.42093 
("3, 2) 0.0 0.0 - 0 . 0 1 0 3  0.0954 0.0 0.0 - 0 . 0 0 5 4  0.08590 
(^. 3) 0.0 0.0 0 . 0 0 6 3  -0.0142 0.0 0.0 0 . 0 0 3 2  - 0 . 0 1 1 7 6  
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^ ^ o.s-oo < Kill > i- o.soo <11^11 <"£,»> J (4.91) 
for 
From Equations 4.89, 4.52, 4.54, and 4.55, we can show that the magne­
tic dipole moments (as well as Ml transitions) do not have a direct depen­
dence on the core deformation parameters (jS^ or^^) * addition, they are 
independent of the energy parameter ^u/. Consequently, a comparison of the 
theoretical dipole moment with experiment should be a good test of the 
ground state eigenvector. Such a comparison is made in Table 4.15 for the 
four sets of parameters given in Table 4.10. For completeness, the single 
particle shell model prediction is also given. The necessary formula for 
the shell model is simply 
= J f  j  I I i l l  >  » i i i > ]  •  (4.92) 
where the reduced matrix elements can be found in a straightforward calcu­
lation (129, p. 243). The results are interesting, but not very satisfying. 
All four sets of parameters for the DAP model predict about the same values 
for the two moments. Although the sign is correct in both cases, the magni­
tudes are overestimated by around 15 percent. Unfortunately, somewhat better 
agreement is obtained with Aw=12 MeV than at ^w/=17 MeV, contrary to what 
one would have expected. In addition, the single-particle shell model 
gives about equally good results. However, the magnitudes of the moments 
in this case are calculated to be smaller than what is experimentally ob­
served 
Another experimental quantity which is caused by the magnetic dipole 
•3 ~ 1 ~ 
operator is the HI transition between the ^ and ^ states. The 
13 13 Table 4.15. The magnetic dipole moments of C and N are calculated for the four different sets of 
parameters given in Table 4.10 as well as for the single particle shell model. All num­
bers are in units of the nuclear magneton//.,. 
<i III 
Magnetic dipole moment 
13c 13N 
Experimental - - - - - - - - - — — - 0 . 7 0 2 3 8  - 0 . 3 2 2 1 2  
Shel1 Model 1 .2247 1 . 6 3 3 0  - 0 . 4 0 8 2 5  0 . 6 3 7 6 7  -0.26433 
MeV 
%,=0.075 1.22474 0.50623 0.91448 -0.40825 0.78433 -0.41099 
«,=0.085 1.22474 0.53095 0 . 9 3 9 2 0  - 0 . 4 0 8 2 5  0.77929 -0.40595 
tui-yj MeV 
=0.050 1.22474 0 . 3 8 7 2 8  0.79553 - 0 . 4 0 8 2 5  0.80861 - 0 . 4 3 5 2 8  
o( ,=0.060 1.22474 0 . 4 3 2 2 1  0.84046 - 0 . 4 0 8 2 5  0.79944 -0.42611 
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experimental reduced matrix elements for this transition can be calculated 
directly from Table A.9 using Equation 4.10. The values are 
I IMCOII  i '> l  = 
for and 
(4.93) 
(4.94) 
for Since the operator I  does not contribute to Ml transitions, the 
theoretical formulas are simply 
and 
)<f'///wcO//^'>l " I o.A-oo ^1 (4.96) 
13 13 for C and N respectively. The results are tabulated in Table 4.16. 
13 13 The error is roughly 12 percent for C and 50 percent for N. Contrary 
to the results of the magnetic dipole moment, the parameters for ^w=17 MeV 
give slightly better agreement with experiment than those for $W=12 MeV. 
We shall next consider the various El transitions that have been ob­
served among these states. The reduced matrix elements of these transitions 
that have been measured are given at the top of Table 4.17- Fortunately, 
the electric dipole moment of the core is zero, and the transition is pro­
duced entirely from the particle operator. In addition, the magnitude of 
the effective charge for the extra nucléon is i  e for both and and 
therefore the UAP model can predict the El transitions for these two nuclei 
at the same time (as shown in Table 4.17). One final calculation that is 
presented is the shell model prediction to <^4^11 ECOII 't ^ assuming that the 
states involved are pure 2sj and Ipj single-particle states respectively 
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Table 4.16. The quantity is calculated for the four sets of 
parameters given in Table 4.10 and compared with experiment. 
1 3 c  
Experimental - - — — 1 . 7 5  1 . 6 1  
MeV 
«  ^ = 0 . 0 7 5  0 . 4 6 3 5 6  1 . 0 4 3 4 5  - 0 . 5 7 9 8 9  1 . 9 9  2.43 
< * , = 0 . 0 8 5  0 . 4 6 9 5 9  1 . 0 4 9 6 6  -0.58006 1 .98 2.43 
MeV 
= 0 . 0 5 0  0 . 4 9 2 0 3  1 . 0 6 1 2 9  -0.56925 1 . 9 3  2.36 
( X ^ = 0 . 0 6 0  0 . 5 0 8 2 3  1 . 0 7 9 8 3  - 0 . 5 7 1 6 0  1 . 9 3  2 . 3 7  
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Table 4.17. Comparison of theoretical El reduced matrix element with exper­
iment. Also shown are the predictions of the shell model for 
Ké^l/EOflr with various choices for Jiu/, All numbers are 
given in units of e fm. 
<f{ lBO)l lé"> 
13c 
Experiment 
0.169±0.008 
0.255±0.015 
0.228±0.015 
0.30 
0.196±0.038 
Single-particle 
shell model 
^^=12 MeV 0.371 ---
%Ay-17 MeV 0.312 — — — — — -
^Mm22 MeV 0.274 —- — -- -
Single-particle 
estimate 0.84 1.19 1.45 
UAP model 
^«>«12 MeV 
*,=0.075 0.2676 0.0591 0.3336 
or  ^ «0.085 0.2700 0.0606 0.3308 
?w=17 MeV 
#,=0.050 0.2350 0.0420 0.2306 
0^^-0.060 0.2405 0.0455 0.2380 
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for various values gf Also shown is the single-particle estimate cal­
culated from Equation 2,81. The large discrepancy between this value and 
the other shell model calculations shows that the single-particle estimates 
to the reduced transition probabilit ies (Equations 2.8] and 2.82) are some­
times off by a factor of ten or more, and must not be taken too seriously. 
Again, there Is considerable variance between the theoretical and experi­
mental reduced matrix elements. The discrepancy is the greatest for the 
quantity ^ j  ||E(l)j{^^ , where the theoretical values are smaller than ex­
periment by a factor of four or five. However, a similar situation has 
been shown to exist in the Hartree-Fock shell model (130). The theoretical 
value of ^ I" j^E(l)j|^^ is in this case underestimated by a factor of three 
from experiment. It should also be noticed that the observed reduced ma­
trix elements of are somewhat larger than the corresponding ones of 
The difference Is usually attributed to the fact that the extra-core nuclé­
on In has a larger rms radius due to the additional coulomb repulsion 
from the core (131). 
Finally, we shall consider the three higher order electric transitions 
which have been measured for (c.f. Table 4.9). The experimental re­
duced matrix elements for these three decays are given In the top row of 
Table 4.18. For such transitions, the effective charge of the extra-core 
neutron is extremely small (104, p. 334), and so to a very good approxima­
tion we can assume the decay to be caused entirely from the intrinsic elec­
tric moments of the core. These moments are related to the deformation 
parameters by Equation 4.25 which is 
Tab e 4.18. The theoretical reduced matrix elements for three electric transitions of are com­
pared with the corresponding experimental quantities. Also shown are the intrinsic 
quadrupole and octopole moments for various sets of parameters which are needed in the 
calculations. 
^20 
(fmf) 
^33 
(fm^) 
<f(lE(2)//0 
(e fm^) 
<f/fE(2)//i-t> 
(e fmf) 
<fl}E(3)lli'> 
(e fm^) 
Experimental — - - - - - 25.8!^;® 
MeV 
1=0.075 9.97 37.70 9 . 3 3  3.00 6.79 
2=0.085 9.97 37.70 9 . 5 0  2 . 6 3  1 0 . 3 2  
•Au/==17 MeV 
1=0.050 9 . 2 6  1 7 . 8 8  9 . 1 2  2 . 5 8  2 . 1 5  
2=0.060 9 . 2 6  1 7 . 8 8  9.41 2 . 4 3  0.91 
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The parameter is the effective radius of the surface and is defined by 
Equations 4.23 and 4.24. |f the nucléons are in a harmonic oscillator po­
tential, one can show from theoretical arguments (49, p. 469) that is 
related to the energy parameter,#*#, by the approximate equation 
For heavy nuclei, one finds R^=1fm, and by inserting this value into 
the previous equation, one obtains &w^4lA MeV as was noted earlier (c.f. 
Equation 4.78). From the last two equations, we can now calculate the the­
oretical intrinsic moments for the four sets of parameters of Table 4.9, 
and these values are given in the first two columns of Table 4.18. The 
other three columns compare the theoretical values for the three reduced 
matrix elements with experiment. The f irst quantity is predicted too high 
by about 80 percent for all four sets of parameters, and the second one is 
consistently too low by a factor of two. The prediction for the octopole 
reduced matrix element is also too small. However, unlike all other matrix 
elements considered, its theoretical value varies by a factor of ten among 
the four sets of parameters used. 
The results of the UAP model are therefore quite satisfactory in that 
the lowest eight experimental levels, as well as some of the low-lying tran­
sitions, seem to be reasonably well predicted. It is quite disappointing, 
however, that we could not find a unique set of parameters which give opti­
mum agreement with the experimental energy levels and reduced matrix ele­
ments . 
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5. Comparison with other models 
The mass A=13 nuclei have been studied extensively within the frame­
work of several different models. Two papers on the intermediate coupling 
shell model were carried out over fifteen years ago and were found to give 
fair agreement with the observed negative parity states (132). The posi­
tive parity states have also been treated successfully by both the strong-
coupling Nilsson model (133) and the weak-coupling collective model (134). 
The results of the DAP model presented in the present work seem to 
have a definite advantage over the above mentioned models since the ener­
gies of both negative and positive parity states are well-predicted with 
one set of parameters. However, recent Hartree-Fock calculations on the 
mass A=13 nuclei (130,135) have also succeeded in correlating most of the 
low-lying energy levels with experiment. The reduced matrix elements pre­
dicted with this model are in no better agreement with experiment than 
those of the UAP model. As noted earlier, both models predict a value for 
Y ^  which is at least a factor of three smaller than experiment. 
Such a coincidence may indicate that the two models are more similar than 
one would f irst expect. 
F. Possible Applications of the UAP Model to Other Nuclei 
The previous two sections have shown that the UAP model very l ikely 
has some validity for the A=9 and A=13 mass systems. The model can be eas 
i ly extended to the mass A=17, 21, and 25 nuclei where the ^-cluster core 
would presumably have T , D , and D symmetries respectively. The A=25 
d  2 d  2 h  
calculation would be very similar to previous calculations that have been 
done by Chi et al. (121,124,125) on the asymmetric rotor. The primary 
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difference would be in the values used for the rotational parameters A . K 
24 From our calculations on Mg, we would expect the cçre Hamiltonian of the 
A=25 nuclei tQ hgye two variable rotational parameters, Aj and A^, with 
A^>A^. However, Chi assumed only one variable among these parameters by 
restricting the ratios of the rotational parameters to be those of the hy-
drodynamîc estimate as given in Equation 3.11• 
As has already been mentioned, the UAP model runs into some additional 
complications when i t is applied to the assumed symmetry of the A=17 mass 
nuclei. Nevertheless, the coupled wavefunctions can be constructed by pro­
jection operator techniques and making explicit use of Equation B15. It 
should be noted, however, that at least two alpha model calculations (136, 
137) have been attempted on ^^0. The calculations differ from the present 
model in that the Hamiltonian is diagonalized among a "weakly-coupled" basis 
as described In Equation 3-44. Such a basis has a definite advantage in 
that one does not need to work with double-valued groups. However, one 
main problem of this approach is that it is impossible to truncate the par­
ticle states in the manner described in the present work, i f one were to 
repeat the calculation in the "strongly-coupled" basis used in the present 
work, the results could be quite different. 
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V. CONCLUSIONS 
The primary objective of this thesis has been to obtain further evi­
dence for 0^-clustering in light nuclei by means of investigating two dif­
ferent types of phenomenological <%-particle models. The CAP model, which 
was considered for all A=4N nuclei below ^^Ca, was found to be quite suc­
cessful in predicting a variety of properties among the low-lying energy 
states. For all nuclei above ^^0, several plausible ^-structures existed 
for each nucleus, and we had to choose the correct structure from the ex­
perimental data. The CAP model thus has an additional degree of freedom 
not found in other collective models. One might argue that the apparent 
success of the CAP model is therefore due merely to this additional vari­
able not found in other models. However, i t is the somewhat optimistic, 
but firm belief of the present author that this additional freedom is phy­
sical, and that some l ight even-even nuclei do indeed have varied molecular 
shapes. The other model considered was the DAP model which also yielded 
quite satisfactory results for the mass A=9 and A=13 nuclei. Unfortunately, 
in the latter case, the theoretical levels and reduced matrix elements were 
rather insensitive to the parameters used, and i t was therefore impossible 
to determine an accurate shape for these nuclei. 
For both models, i t is found that the positions of the energy states 
are usually well predicted by theory, but that the theoretical reduced ma­
trix elements quite often differ from experiment by a factor of two or more. 
A possible explanation for this fact is that the positions of the energy 
levels are largely determined by the symmetry of the structure, while the 
transition rates depend more on the exact nature of the eigenvector. 
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During the course of this work, several unsolved problems have arisen 
which would seem to warrant immediate investigation. One of these problems 
involves the application of various cluster model calculations on the Dgy 
distorted tetrahedron and bltetrahedron «^-structures for ^^Ne and ^^Mg. 
The procedures for such calculations were briefly mentioned in Section 11 J. 
The other calculation was suggested in Section IIG, where it was stated 
that the 4-body calculation of ^^0 could be done by diagonalizing the real­
istic %-particle Hamiltonian among translationally invariant harmonic oscil­
lator states. The procedure for constructing such states is given in the 
literature (138), and the analogous 4-body nucléon problem of ^He has al­
ready been done (139,140). Since both of these calculations are fairly 
straightforward, i t would not be surprising if one or both of these problems 
were attempted within the next few years. 
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VIII. APPENDICES 
A. Rotation Matrices 
Throughout this thesis, the notation used in performing rotations of 
angular momentum wavefunctions is identical to that of Rose (25), but dif­
ferent from most other standard texts (4l,104,l4l,l42). Rotations on the 
wavefunctions will be defined in the active sense, that is 
Of^ Cx) = 5^2 (*3:) ' (A1) 
However, rotations on the vector t ; will be carried out passively, so that we 
leave the vector fixed and rotate the coordinate system. Such a rotation 
requires three variables, and in the present work we consider these vari­
ables to be three Euler angles which were explicitly defined in Figure 2.1. 
With these definitions, one can show in a straightforward manner that 
• (A2) 
and conversely 
< . (A3) 
where and are defined in the laboratory and rotated coordinated systems 
respectively. The explicit form for the matrix elements of the rotation ma­
trix D^(R) is 
where 
/ 
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If the angular momenta j  are limited to integral values, the wavefunc-
tions jjm^ generate IR's of the rotation group in three dimensions, R(3) , 
and D-^ (R) is a matrix representation of the rotation R for the IR labled by 
In general, however, j  can be either integral or half-integral, and so 
the wavefunctlons generate IR's of SUg, the special unitary group in two 
dimensions. 
For later use, we shall also note the group property of these rotations. 
We define R and S as passive rotations on the coordinate system such that 
R Z ^  X.' (A6) 
S , (A7) 
so that 
Qs R) X = X" ' 
By repeated usage of Equations A1 and A2, we then note 
' D*„,W • 
m 
Also, from Equation A7, 
Os = ^  C^a) <v/^-w> . (A9) 
Combining Equation A8 and A9, we find the desired result which is 
0«) = -S., d£„, W O) . (AlO) 
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B. Rotation Properties of Wavefunctions 
In Chapters i l  and IV, we showed that the eigenstates of the Hamiltoni-
an for many collective and unified models could be expanded in terms of the 
wavefunctions ,/,y) and jm'^respectively, Consequently 
i t becomes necessary to consider the effects on these wavefunctions of var­
ious rotations carried out in the body-fixed coordinate system which leave 
the Hamiltonian invariant. 
Any structure which is a symmetric or asymmetric rotor is spatially in­
variant under only two types of rotations, these being: 
1. C^((p)—an arbitrary rotation of angle <p about the body-fixed z a 
axis, and 
2. i f ) —a rotation of 180° about an axis in the xy plane that sub­
tends an angle <p from the body-fixed x axis. 
By carefully examining Figure 2.1, we see that these rotations alter the 
Euler angles in the following way: 
and 
+ • (B2) 
Since the rotations were carried out in R(3) space, the changes of the Euler 
angles could have been written in other ways. For example, the 27?cou Id 
have been omitted from the last equation. However, for wavefunctions of 
half integer j , a rotation of 21f is not the identity operation, and omission 
of 2ir in this case would imply a different operation. Therefore, Equation 
52 uniquely dcfînes the operation the SU^ group, although this was 
not the original intent. 
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In carrying out the operations, we make use of the equations 
d C/3 e (B3) 
and 
ct ^'/ (vr-ygj) = C-; ^  • (B4) 
 ^r» 777 
Equation B3 follows directly from Equation A4. The last equation can be ob­
tained indirectly from Equation A5 and noting that (l4l, p. 60) 
d . i . „ i i r - ^ )  - i  i - r r )  d * , , C-^3 • (b5) 
From Equations B1, B2, B3, and B4, one can then show: 
Similarly, one can show 
- e-""' D^„ (B8, 
C f r) . e-' ' "" • (69) 
The rotation of the body-fixed particle wavefunctions can be obtained from 
Equa t i on  A2  and  no t i ng  t ha t  t hese  ope ra t i ons ,  wh i ch  are  ca r r i ed  ou t  i n  the  
boyd-fixed coordinates, do not affect the particle wavefunctions in the lab­
oratory coordinates, (104, p. 257). With Equations B3 and B9, one 
then finds 
c'(<p) <z'i " e"''^ (BIO) 
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For spherical top rotors, the structures are spatially invariant under 
additional rotations about axes that are skew to the xy plane. For these 
rotations, the formulas for the change in Euler angles (such as Equations 
B1 and B2) are very complicated, and it is much easier to work with the ma­
trix representations of these body-fixed rotations which can be found by 
taking the complex conjugate of Equation A10 
-f, • (B12) 
The rotation R now represents the three usual Euler angles that specify the 
orientation of the body-fixed axes, and S is the additional operation car­
ried out in the body-fixed coordinate system. The elements of the matrix 
representations for the two rotations considered earlier are (c.f. Figure 
Bl) 
and 
r *  2 IT (.1-2 <p) 
Cl\<(>y. (o. 77> , 7 7>-2<p) = ^ • (B14) 
By combining Equations 813 and Bl4 with Equation B12, one obtains Equation 
B6 and B7 as expected. 
One example of a rotation which would warrant explicit usage of Equa­
tion B12 is the rotation in the tetrahedral group (c.f. Figure 2.4). As 
shown in Figure B2, this rotation cyclically permutes the three body-fixed 
axes, and is equivalent to the Euler angles (Sp S2, S2) = (0, ir/2, fT/l) .  We 
therefore find 
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Figure B1. Schematic showing that the rotation is equivalent to the 
three Euler rotations (Sp Sg, IT,17-29). 
Z Y 
XYZ XYZ XYZ 
X 
Figure B2. Schematic demonstrating the equivalence of 63^^ with the three 
Euler rotations (S ,^ Sg, S^)=(0, f^/2, "fP/Z). 
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C. Angular Momentum Coupling Relations 
The derivation of many of the formulas in Chapter 11 and IV require an 
extensive use of Racah algebra, so it will be advantageous for us to summa­
rize the more common relations in a separate appendix. The following iden­
tit ies are taken from numerous sources (25,42,142,143, pp. 1053-1068; 109, 
pp. 1-28), and no attempt will be made at present to justify their exact 
form. 
The coupling of two angular momentum wavefunctions can be written as 
< J I -i >^> = ^  (CI ) 
The coefficient on the right side of the equation is the usual Clebsch-
Gordan coefficient that results from the reduction of tensor product of two 
IR's of SU^- The unitarity conditions of these coefficients are expressed 
as 
^ C r>,) 
*r),n)2_ 
and 
j>. ( '  C 'J., -J.: rf,) . (C3) 
The Clebsch-Gordan coefficients are related to the 3-J symbol of Wigner by 
C C - j . ,  ^2 j l  M-7/ = y2 ^ f f j )  '  (C4) 
The "3-J" symbols have easily recalled symmetry properties and are 
therefore usually preferred over Clebsch-Gordan coefficients in involved 
calculations. These svmmAfries a re Hçmpnçtr^tçd !" next three çniiAtîon? 
which show the symmetry relations under (a) even permutation of columns. 
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(b) odd permutation of columns, and (c) simultaneous reversal of signs on 
all three magnetic quantum numbers: 
^ ' iz. i \ ^ f 
vrj,  777^ rn )  
J, /  i-2. i-t i \ 
= ^ I  - y (C5) 
_ /_) + \ . 
~ ^ ^ -»?2 J 
The unitarity conditions on the 3-J symbols are 
; ( 1- -i-\ 
TTw, L  )\ m, ^  /  2-i +> tn, THg^  
and 
(C6) 
The product of two rotation matrices with the same Euler angles can be ex­
pressed as 
o4'«, (-) il iXi} <«-) (C8) 
This equation can be Inverted using the orthognallty of the 3-J symbols to 
yield 
è., % iXt' t,') d !^s-^ '). 
m, fWg, 
(C9) 
The rotations matrices are orthogonal in all their indices over inte­
gration of all 3 Euler angles, and one can write 
= -^ 7 . (CIO) 
where 
jjL/i. = 5 cloi j sinf dp ^ dV = 8 7?" . (C11) 
o 
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The last two equations can be comb Ined to yield 
jaA. = 8 ( Z/ t/ ^ '(CI2) 
Using the relation 
Ce,») -/W  ^ (»'»'*') . t"3) 
one can develope some useful equations of spherical harmonics which are 
analogues of Equations C8, C9, CIO, and C12. These are respectively 
( ° oX-: Z 
Xel, ( o t  o )=#,. ( W'''^(ci5) 
t :'X: 
The last equation arises quite frequently In Chapter IV where various tensor 
matrix elements are evaluated. One additional formula which is needed for 
calculating matrix elements of magnetic operators is the gradient Identity 
which can be expressed as 
, . w ^ »-! \ V 
7^ /TTC^f^Or y»- -^) ' (CI 7) 
A very useful relation among tensor matrix elements Is the Wlgner-
Eckart theorem which can be written as (42) 
The last term of this equation Is Independent of magnetic quantum numbers 
and is referred to aç the reduced rîîstrÎK elejnent. The tenser cperstcr, 
rotates in the same way as do angular momentum wavefunctions. So from 
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Equation A3, one has 
(.h) I W 
^ . (C19) 
and conversely 
T^J = . CC20) 
where (b) and (s) denote body-fixed and space-fixed coordinate systems re­
spectively. 
The Wigner 6-J symbol arises naturally In problems concerned with the 
coupling of three angular momenta. It is used extensively in the computa­
tion of reduced matrix elements, and is defined in terms of 3~J symbols as 
Çi'i-2-Pl ^ ii. i-zV i' -cz -gj iz i , 
[ji, jiz Je,]' Lw. Wg nijjym, VV"' '»3/*(C21) 
n, rJz «3 
Some of its more useful symmetry properties include (a) invariance under in­
terchange of columns, and (b) invariance under simultaneous interchange of 
any two numbers in the bottom row with the corresponding two numbers in the 
top row. 
The orthognality condition for the 6-J symbols can be written as 
f W") [ X' t *11 *I ° • (C22) 
Two other special sum rules involving only 6-J symbols are 
' C-
^3 
and 
y[i:li]-Itty] («3) 
K 
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where 
s = -^1 + iz-l- -^3 ^-^3 
Two other usual relations involve both 3-J and 6-J symbols; these are 
A 
\ r), y 
rrf. 
(*' \ yn, yup ->^3 
t W. -t) 
and 
L yrj, i> is- i-m, rri 
[ 3 ^ S / ' ^ ^  Z = 
^3 J L-^' -^2 -^3 J 
- S ^  , -B-Z -^ 3 \ f-^ ' ^  ^ 
w, Tj^  r? J 
-^2. ^3 
>7, -)^ 2 YTPg (C26) 
where 
5 = J?, + f f j f + >7  ^ V- z7, 
The last equation yields a very useful identity for m^=m2=m^=0 andj^^=l/2. 
I, + f i ^  . 
(o o o J I  ^ Yz\~ £y(i?775(i2W < ° Vz-yzj (C27) 
We shall also make use of a 9-J symbol defined by Wigner to be 
• J 
•é-i' iiz i-ij 
•fzt ^22 iZ2 
J3I iaz. i33^ 
^ i pz p3 i J Lp I i. p3_ 
fn iZ3 ^ 3sl 
i f" 
Symmetry properties of the 9"J symbol include (a) invariance under a reflec­
tion of the symbol about either diagonal, (b) invariance under even permuta­
tions of rows or columns, and (c) change in phase of (-1)^, where s is the 
sum of all nine parameters, for odd permutation of rows and columns. Many 
relations exist between 9-J, 6-J and 3"J symbols. One relation that will be 
used in Chapter IV is 
218 
-^13 ^2* / 
r ^'/2 
• i-3 i-A- i-3'h 
_ i-13 g(Z+ i-
m,in.^yn J 
m,j. wj*. 
/  ^2 i'' 
 ^m, nij^ m. 
tz V? ^\(C29) 
m3 "^4- ^3f-)[j^l '"j ^3 ">1-"'i4-J^U "y 
One final formula which is used in calculating matrix elements of magnetic 
operators is the gradient identity which is 
V yn^) = (r)'^ PT • (C30) 
(D2) 
D. Angular Momentum Operators 
The cartesian components of the angular momentum operator, J., have the 
following commutation relations in laboratory coordinates: 
= J. ^ • (D1) 
The components are defined in terms of pseudospherical coordinates as 
-l±t = ^fk 
i-o ~ -id- ' 
They can be shown to satisfy the following equation 
iv \i»'> . (D3) 
For a rigid rotor, the space-fixed angular momentum operators thus operate 
on the symmetric top wavefunctions as 
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Angular momentum operators rotate as tensors of rank one. Therefore, using 
Equations C8, C19, and D4, as well as the symmetry and unitarity relations 
of the 3"J symbols, one can show that 
y D — G") ^LCt-i-o  ^dC'-ii-j J / ï ' •  ( 0 5 )  
A tedious calculation using Equations D2 and 05 would then show that the 
anticommutation relations hold for the cartesian components of in the 
body-fixed system, that is 
[ • (D6) 
For odd-A nuclei, one must consider both the particle and total angular 
momenta (denoted j  and I  respectively), in space-fixed coordinates, one 
naturally has 
y) = /FcITTTs (L (T/z; O 
and 
(D7) 
(D8) 
The total angular momentum in the body-fixed frame will have the same form 
as Equation 05, that is 
J * 
/z ; ^ • (og) 
However, the body-fixed angular momentum of the particle behaves the same as 
in the laboratory, as can be shown from Equations C19> 08, C8, and C2 as 
fol lows: 
L \ / • /"f \ 
'Si °'ct' i-c'Dl,^. 
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=z ^ w"> £ ('(gf ,y 3 1 
"7;^  
(DIO) 
Equations D9 and DIO are used in Chapter iVE in evaluating matrix elements 
of the form 
E. Single-Particle States of the Harmonic Oscillator 
The single-particle Hamiltonian that is used in the present work is 
that of a three-dimensional spherical harmonic oscillator with spin-orbit 
coupling 
H = ^  +-Lmcv^y^ + <2 ;£*-L ' ( 
Following Eder's notation (144, pp. 71-82), we rewrite the Hamiltonian as 
(E2) 
wherey3=r/rQ , X=-c/2/^ii ', and r^ is the oscillator length defined as rj^=^/mur. 
The eigenvalues for the Hamiltonian are 
E  =  -  ) ù ^ ^ l i . C 4 * 0 - - e C ^ t O - s C s - n ) J  ,  ( E 3 )  ( 3) 
where the quantum numbers can have the following values: 
X /  • • •  
_  ^ = /K, y^-z , //-f-, > I Of O 
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i = Ji-i- -t " ir (E4) 
s = è 
The eigenvectors can be decoupled in the usual way 
I/VJC ^ cdJt , (55) 
where the orbital part is the product 
< r 1 = /^/JL  ^w • (E6) 
The radial wavefunction can be expressed analytically as 
(E7) 
where n is a redundant quantum number defined as 2n+i=N, and the last term 
is the usual Laguerre polynomial which can be expressed in terms of Appel 1 
symbols as 
L„ Ct:) - yj, pl (E8) 
Most of the matrix elements evaluated in Chapter IV include the follow­
ing radial integral: 
j -r = j C^r:) 
(E9) 
=  £  /  "  • —  ' r ^ /  9 ' ^  
The easiest way to evaluate such an integral on the computer for arbitrary 
N and ^ is to expand the radial wavefunctions by means of Equations E7 and 
E8 and evaluate the resultant integral by means of the Identity 
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J ^ e" = rC^-f-O . (Eio) 
o 
The final form can then be expressed as the following double sum 
^ / /  r)i r(i£'->-y7'+-vz) rC-^+yj + ^/z.) 
ppf p". pi C-^-p>l rC-e'-fVz-rf'-pO rOii-^y±~r}-p) 
